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ON CLASSIFICATION OF FINITE-DIMENSIONAL 
SEMISIMPLE HOPE ALGEBRAS. 


LEONID KROP 

Abstract. We develop a mechanism for classication of isomor¬ 
phism types of non-trivial semisimple Hopf algebras whose group 
of grouplikes G{H) is abelian of prime index p which is the small¬ 
est prime divisor of \G{H)\. We describe structure of the second 
cohomology group of extensions of kGp by where Gp is a cyclic 
group of order p and G a finite abelian group. We carry out an 
explicit classification for Hopf algebras of this kind of dimension 
p'^ for any odd prime p. The ground field is algebraically closed of 
characteristic 0. 
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0. Introduction 

We work with Hopf algebras H over an algebraically closed held k 
of characteristic 0. We let G{H) denote the gronp of gronplikes of H. 
By the freeness theorem [26] dim if = mdimkG(ii) for an integer m. 
We say that a prime p is small relative to a hnite gronp G if p is the 
least prime divisor of |G|. Unless stated otherwise, we assnme that 
H is semisimple of dimension p|G(ii)| for a prime nnmber p, G{H) is 
abelian and p is small relative to G{H). For brevity, we name snch Hopf 
algebras almost abelian. As nsnal, a hnite-dimensional Hopf algebra is 
called trivial if it or its dnal is a gronp algebra. The goal of the paper 
is to classify semisimple, non-trivial almost abelian Hopf algebras. 

We introdnce more notation. We denote by Gp a cyclic gronp of 
order p and by kG and k'^ the gronp algebra of G over k and its dnal, 
respectively. We will write Ext (kGp, k*^) for the set of all eqnivalence 
classes of extensions of kGp by k*^. 

The problem jnst stated rednces to that of classifying abelian exten¬ 
sions of a special kind. For by a resnlt of [13], kG(ii) is a normal 
snbHopf algebra, a fact that combined with the theorem of Kac-Zhn 


Date: 3/20/15. 


1 



2 


LEONID KROP 


[9, 31] yields that H lies in Ext(kCp, We will refer to elements 

of Ext(kC'p,k^(^)) as Hopf algebras and extensions interchangeably. 

Our main concern becomes to understand the set of isomorphism 
types in Ext(kC'p, k*^) where G is a hnite abelian group and p is small 
relative to G. In general, that is for arbitrary hnite groups F, G, there is 
no systematic procedure by which isomorphism classes of Hopf algebras 
that are extensions of kF by k*^ can be found. One purpose of the 
article is to hll this gap for the case in hand. In order to formulate 
the statement we will require a few more notions. We write Ap for 
the group Aut(Gp) of automorphisms of Gp. An action < of Gp on G 
is a representation Gp —)■ Aut(G). Let IZ = {<} denote the set of all 
representations. The group Aut(G) acts naturally on TZ by conjugation 
splitting 7Z into the union of sets eq(<) of representations equivalent to 
<. In turn, the group Ap also acts on TZ via <!—)■<" where, for every 
a G Ap, a<°' X = a< a{x), a E G,x E Gp. This action is passed on the 
sets eq(<) via eq(<)" = eq(<") giving rise to classes of representations 
[<] = UQ,eq(<)“. We denote the stabilizer of eq(<) by G(<). 

The splitting of TZ into the union of [<] induces a splitting of 
Ext(kCp,k*^). Namely, for every [<] we dehne Ext[<|](kGp,k*^) as the 
set of all equivalence classes of extensions whose Cp-action belongs to 
[<], and then we have Ext(kGp,k'^) = Ext[<,](kCp, k*^). It suffices to 

[<] 

classify isomorphism types in each Ext[<|](kCp, k*^). 

To this end we bring in the second degree Hopf cohomology group 
[1, 23] denoted by H^{kGp,k.^,<) after the work of M. Mastnak [16]. 
We aim at constructing a subgroup Q{<) of Aut(G) and its action on 
H^{kGp, k*^, <) compatible with isomorphism types of extensions in the 
sense that for any r, r' G H^(kGp,k^,<) (r, <) and (t',<) give rise to 
isomorphic Hopf algebras iff r and r' lie on the same orbit of G{<). 

To begin with, we introduce the group A(<) of all Gp-automorphisms 
of (G,<). For every a G G(<) we hx a Gp-isomorphism Aq, : (G,<) —)■ 
(G, <"). We set Q{<) to be the subgroup of Aut(G) generated by A(<) 
and the set {Aq,|q; G G(<)} if < is nontrivial, and Q{<) = Aut(G) x Ap, 
otherwise. 

H^{kGp,k^,<) contains a distinguished subgroup H^^{kGp,k'^,<) of 
(the images of) symmetric Hopf 2-cocycles parametrizing cocommu- 
tative extensions. Let us write H^(kGp,k'^ for the set of 
^(<)-orbits not contained in iL^(,(kGp, k*^, <). Reciprocally, we let 
ncExt[<|](kGp, k*^)/ = stand for the set of isotypes of noncocommutative 
extensions, and we put cl(iL) for the isomorphism class of H. 
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The principal result of the paper states: There is a bijection 

^ ncExt[<,](]kCp,k^)/ = 

given by i-A cl(if(<, r)). 

Our next concern lies with structure of H^{kCp,k.^,<). We want to 
hnd a form of H^{kCp, <) with good computational properties. We 
need several notions. Let H‘^{Cp,G,») be the second degree cohomol¬ 
ogy group of extensions of Cp over G, where G is the dual group with 
the Cp-action • dual to <, and k*) be the Schur multiplier of G. 

There is a mapping N [15] acting on a ZCp-module M hy N[m) = (pp.m 
where is the pth cyclotomic polynomial. We denote the kernel of N 
in M by Mjv. The main result in the strong form states that for any 
odd p there is a Cp-isomorphism 

(0.1) H^{kGp, k^, <) ~ H\Gp, G, •) x Hl{G, k*) 

We remark that this isomorphism can be seen as the Hopf cohomology 
version of the Baer’s formula for cohomology of central extensions of 
a group G by Gp [2, p.34]. On the other hand its main utility lies 
in the fact that both factors in the right-hand side of it are nicely 
computable in any set of generators for G thanks to the classical iso¬ 
morphisms H‘^{Gp,G,») ~ G^p/N{G) and iL^(G,k*) ~ Alt(G) [15] 
and [2], where Alt(G) is the group of all bilinear, alternate mapping 
G X G —)■ k*. We let X(G,<) denote the right-hand side of (0.1) and 
call it the classifying group of Ext[<,](kGp, k*^). For every odd p X(G, <) 
acquires component-wise ^(<)-module structure via transport of action 
along the isomorphism (0.1). The new, most useful, formulation of the 
main theorem asserts that there is a bijection 

X(G,<)/^(<)^^ ^ ncExt[^](kGp,k^)/ = 

where X(G, <)/^(<)jj^ denotes the set orbits of Q{<) not contained 
in G^^/N{G). 

For p = 2 less is known. We show only that the isomorphism (0.1) 
holds for elementary 2-groups, though it is not, in general, an A(<)- 
isomorphism. ^ 

The previous related works consist of the fundamental result of D. 
Stefan [29] to which this article provides concrete examples, and vari¬ 
ous classihcation theorems. The papers [8, 9, 31, 18, 19, 20, 21] treat 
a number of instances of almost abelian Hopf algebras. Namely, it is 
known that semisimple Hopf algebras of dimension p and p‘^ are trivial, 
nontrivial Hopf algebras of dimension p^ are almost abelian and the 

^See Appendix 2 
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number of their isomorphism types equals p + 1 for every odd p, while 
there is a unique 8-dimensional nontrivial Hopf algebra, and for any odd 
p Ext(kC' 2 , contains a unique Hopf algebra up to isomorphism. 

Information on the pEdimensional semisimple Hopf algebras is limited 
to p = 2 and consists of a complete classihcation of 16-dimensional 
semisimple Hopf algebras and almost abelian Hopf algebras H of di¬ 
mension with G{H) = Z 2 n-i X Z 2 both due to Y. Kashina [10, 11]. 

The paper is organized in six sections. In Section 1 we review the 
necessary facts of the theory of abelian extension. Sections 2 and 3 
are devoted to the main results. We prove the structure theorem for 
the groups hr^(kCp, k*^, <) and the isomorphism and bijection theorems 
in Sections 3 and 4, respectively. Section 5 contains applications to 
classihcation of Hopf algebras of dimensions p^,p^ and an example of 
a non self-dual semisimple Hopf algebra of dimension p^. However 
the bulk of this Section is devoted to hnding the exact number of 
nontrivial almost abelian Hopf algebras of dimension p^; we show that 
there are 5p -|- 23 distinct almost abelian Hopf algebras, if p > 3, and 
33, otherwise. In the course of the proof we extend the contents of 
[11] from p = 2 to an arbitrary prime. In the last section we revisit 
a theorem of Kac-Masuoka on 8-dimensional Hopf algebras and give a 
generalization of a result of A. Masuoka [21]. 


0.1. Notation and Convention. We adhere to the notation of [24] on 
Hopf algeras and to [1, 16, 23] for the theory of Hopf algebra extensions. 
In addition to notation in the Introduction we will use the following. 
A* the group of units of a commutative ring A. 

T” direct product of n copies of group T. 

Fun(r, A*) the group of all functions from T to A* with pointwise 
multiplication. 

Z^(r, A*, •)), A*, •) and A*, •) are the groups of 2-cocycles, 

2-coboundaries, and the second degree cohomology group of T over A* 
with respect to an action • of T on A by ring automorphisms. 

(5r the differential of the standard cochain complex for cohomology of 
the triple (r,A*,«) [15, IV.5]. 

cyclic group of order n additively written. 

In order to simplify notation we will often use the same symbol for 
an element of Z‘^{r,A*,<) and its image in H^{r,A*,<). The context 
makes the intended meaning clear. 

Throughout the paper we treat the terms T-module, T-linear, etc 
as synonymous to ZT-module, ZT-linear, etc. We use the abbreviated 
term isotypes for isomophism types. 
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1. Abelian extensions 

In this paper we are concerned with hnite-dimensional Hopf algebras 
over k. Let F and G be hnite groups. A Hopf algebra H is an extension 
of kF by if there is a sequence of Hopf mappings 

(1.1) k^ H ^kF 

with L monomorphism, tt epimorphism, t(k‘^) normal in H and KerTT = 
i{kG)^H. We give a synopsis of basic results on abelian extensions 
refering to [23] for details. 

An abelian extension is characterized by a quadruple D = {a, r, <, >} 
called a datum for H and we write H = H{D). This comes about 
from a crossed product splitting of H and H*. For by [25], or general 
theorems [28, 2.4], [17, 3.5]^ 77 is a crossed product of k7^ over k*^. 
Since 77* is an extension of kG by k^, see [5, 4.1] or [1, 3.3.1], 77* is 
a crossed product of kG over k'^. Thus there are two module algebra 
actions ■ : kF 0 k*^ —)■ k*^ and • : k^ 0 kG —)■ k'^ and a pair of group 
2-cocycles (a, r) G Z^{F, (k^)*) x 0^(G, (k-^)*) giving 77 and 77* an 
algebra structure with the multiplication 

(1-2) {fx){fy) = f{x.f)a{x,y))xy, x,y e F,f,f G k^ 

(1.3) (a0)(60') = 1ab)T{a, 7) (0.6)0', a,b ^ G, 0, 0' G k'^ 

The standard identihcation kG = (k*^)* via a i—)■ ev(a) : / i-A /(a) 
allows us to dehne a right action < of kF on kG by the transpose of 
action •, viz. {a<x,f) = (ev(a), t./). That is 

(1.4) {a<x){f) := f{a<x) = (a;./)(a), for all / G k*^, a ^ G,x ^ F. 

Likewise we obtain an action > of kG on kF. In fact both < and > 
are permutation actions on G and F, respectively. In the dual bases 
{pa\a G G} and {px\x G F} for k*^ and k^ the two pairs of actions are 
related by the formulas 

(1-5) X.pa = Pa<lx-l 

(1.6) Px-^ Pa~^>x- 

We fuse both actions into the dehnition of a product on F x G via 

(1.7) {xa){yb) = x{a\>y){a<iy)b 

We use the standard notation F ixi G for the set F x G endowed with 
multiplication (1.7). 

short independent proof is given in the Appendix 1 
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Dualizing multiplication (1.3) endowes H with a coalgebra structure 
Ah, eH given by [23, 4.5] 

(1.8) AhUx) = ^ T{x,a,b)fipab>x f 2 PbX, 

a,beG 

enU'x) = file). 

We say that two structures (1.2) and (1.8) are coherent if they turn H 
into a bialgebra. The coherence conditions are 

(1) F ixi G is a group and (2) SgO'~^ = SpT. 

Bialgebras so dehned are always Hopf algebras, see [23, 4.7] for a 
formula for the antipode. 

In consequence the second Hopf cohomology group of extensions (1.1) 
with hxed actions <, > is dehned as 

(1.9) H^^{kF,k^ ,<,>) = ZH£(kF, <, >)/i?Hf(k/, <, >) 

where Z^£(kF, k*^, <, >) = {{a,T)\6GO' ^ = 6 ft} is the group of Hopf 
2-cocycles and k*^, <, >) = 5gC)IC ■ F xG ^ k*} is the 

group of Hopf 2-coboundaries. 

An extension (1.1) is called cocentral [12] if k'^ is a central subalgebra 
of H*. Some equivalent conditions are > is trivial or G is normal in 
F ixi G. Another consequence of cocentrality is that F acts by Hopf 
automorphisms of k*^ (see e.g. [19, 11]). 

Our main interest lies with cocentral extensions (1.1) satisfying the 
condition 

(1.10) (Ik^)*; <i) = {1} for every action < . 

We will call them special cocentral. Below we will write H = 
for a special cocentral extension with a datum {r, <}. 

In the case of special cocentral extensions the dehnition of cohomol¬ 
ogy groups (1.9) can be simplihed. This has been done by M. Mastnak 
[16] and we adopt his formulation. First we dehne an action of F on 
Fun(F"' X G™, k*) extending the action < of F on G via 

(1.11) y, Xyi, a \,..., u^) (f)(^X \,..., x^i, a\ ^ y,..., a^n ^ y'). 

Now we let Z^(kF, k'^,<) and F^(kF, k'^,<) denote the subgroups of 
Z^{G, (k^)*, id) and B‘^{G, (k^)*, id) of 2-cocycles r and 2-coboundaries 
6gV, respectively satisfying 6ft = 1 = SfP- This leads us to dehne 

Ff (kF, k^, <) = Zj{kF, k^, <)/Bj{kF, k^, <). 

One can see immediately that the mapping r i—)■ (l,r) carries out an 
isomorphism between F^(kF, k‘^,<) and Fy£(kF, k*^, <, id). Explicitly 
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both conditions 6ft = e and Spri = e are expressed by: 

(1.12) T{xy) = T{x){x.T{y)) 

(1.13) T]{xy) = ri{x){x.ri{y)) 

for all x,y E F where F acts by (1.11). The equations say that each r 
and ?7 is a crossed homomorphism F -E and F —)■ respectively. 

We call elements of Z^(kF, k'^,<) and i?^(kF, k*^, <) i/op/2-cocycles 
and 2-coboundaries, respectively. We will use abbreviated notation 
etc for Z^{kF, k*^, <), B‘^(kF, k*^, <), etc. when the groups 
G and F are clear from the context. We single out a subgroup B‘^^{<) of 
Z^{<) by the equation B‘^^{<) = B‘^{G, (k-^)*) nZ^(<). Clearly B^{<) C 
B^^{<) so we can form the subgroup = B‘^^{<)/B‘^{<) of 

We note in passing that elements of parametrize cocommutative 

extensions in Ext(kF,k*^). 

We add a remark on F-invariance of subgroups just dehned. 

Lemma 1 . 1 . If F is abelian, then subgroups Z'^{<), B‘^^{<), and B‘^{<) 
are F-invariant. 

Proof: For Z‘^{<) one has readily by (1.11) 

{z.T){xy) = {z.T){x){zx.T{y) = {z.T){x){x.{{z.T){y)) 

as X commutes with ;7. This shows z.r G Z^(<). For the remaining two 
cases it suffices to note that the operator do is F-linear on account of 
G acting trivially on k^. □ 

2. Structure of II^(kGp,k^,<) 

From this point on H is an almost abelian Hopf algebra, G = G{H), 
F = Gp, and p is small relative to G. Plainly G is normal in Gp cxi G, 
hence the action > is trivial. In addition, H‘^{Cp, (k'^)*,<) vanishes as 
k* is a divisible group by e.g. [16, 4.4]. All in all we see that H is a 
special cocentral extension of Gp by k*^. We begin with a simple fact. 

Lemma 2 . 1 . Let r G Z‘^{G, (k‘"p)*). Then for every x G GpT{x) is a 
2-cocycle for G vuith coefficients in k* with the trivial aetion of G on 

kV 


Proof: The 2-cocycle condition for the trivial action is 

(2.1) T{a,bc)T{b,c) = T{ab,c)T{a,b). 

Expanding both sides of the above equality in the basis {px} and equat¬ 
ing coefficients of Px proves the assertion. □ 
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Consider group F acting on an abelian group A, written multiplica- 
tively, by group automorphisms. Let ZF be the group algebra of F 
over Z. ZF acts on A via 

(^CiXij.a = q E Z, Xi E F. 

For F = Cp pick a generator t of Cp and set 0* = 1 + t + ■ ■ ■ + 
= 1,... ,p. Choose r G (k'"?’)*) and expand r in terms of 

the standard basis pp for r = '^T{f)pp with r(f) G k*). 

An easy induction on i shows that condition (1.12) implies 

(2.2) r(f) = for alH = 1,... ,p 

For i = p we have 

(2.3) <Pp.T{t) = 1 
in view of = 1 and r(l) = 1. 

Let M be a ZCp-module. Following [15] we dehne the mapping 
TV : M —)■ Mby iV(m) = (j)p{t).m. We denote by Mn the kernel of N in 
M. For M = or H^{G,k*) we write Z^(G',k*) 

for Z2(G,k*)^ and similarly for the other groups. We abbreviate 
Zjf{G,k*) to Zjf{<) and likewise for Bjf{G,k*) and H‘^{G,k*). Thus 
by dehnition .Z’^(<) is the set of all 2-cocycles satisfying 

(2.4) (j)p.s = 1. 

We want to compare abelian groups Z‘^{<) and 2’^(<). This is done via 
the mapping 

0 : Z^{G, (k^’’)*) ^ Z\GX), Q{r) = T{t). 

Lemma 2.2. The mapping 0 induces a Gp-isomorphism between Z^(<) 
and .Z’^(<). 

Proof: We begin with an obvious equality a;.(r(|/)) = {x.T){y). Taking 
y = t we get Q{x.t) = x.Q{t), that is Cp-linearity of 0. The relations 
(2.2) show that 0 is monic. It remains to establish that 0 is epic. 

Pick s G 2'^(<). Define r : G x G —)■ (k'^?’)* by setting r(f) = 
0j(t).s, 1 < i < p. The proof will be complete if we demonstrate that 
r satishes (1.12). 

For any i,j < p we have 

r(f)(f.r(P)) = +f(j)j{t)).s 

i+j-l 

One sees easily that 0i(t) -|-P0j(t) = . Hence if i+j < pwe have 

0j(t) +f'(j)j{t) = 0i+j(t) and so .t{P)) = If i + j = p + m 
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p+m—1 

with m > 0, then = (j)p{t) + t^(l + ■ ■ ■ + which implies 

k=0 

p-hm—1 

( t^).s = (j)p{t).s ■ by (2.4) and as 

k=0 

tP = 1. □ 

The next step is to describe structure of We need some 

preliminaries. First, we write x.f for the left action of Cp on dual 
to < as in (1.4). Since G is the group of grouplikes of and Cp 
acts by Hopf automorphisms G is Cp-stable . Further, we use 5 for 
the differential on the group of 1-cochains of G in k*. We also note 
Bl{<) = B\GX) n Zl{4). By (2.4) Sf G B%{<) iff <Pp{t).Sf = 1 
which, in view of <5 being Cp-linear, is the same as S{(j)p{t).f) = 1. 
Since (h/)(a, 6) = f {a) f {b) f {ab)~^, Ker(5 consists of characters of G, 
whence Sf E Bjf{<) iff fpify.f is a character of G. Say y = (j)p{t).f G 
G. Then as tfpit) = 0p(t), X is a hxed point of the Cp-module G. 
Letting G^^ stand for the set of fixed points in G we have by [15, 
IV.7.1] an isomorphism H‘^{Cp,G,») ~ G^^/N{G). We connect Bff{<) 
to H‘^{Gp,G) via the homomorphism 

(2.5) $ ; Bl{<) ^ H\Gp, G, •), Sf ^ {<j^p.f)N{G) 

Lemma 2.3. The following properties holds 

(i) 0(i?L(<)) = BU<), 

(ii) 0(52(<)) = ker$, 

(hi) B%{<)/keT^c^H\Gp,G,.), 

(iv) Hl{<)c^H\Gp,G,.). 

Proof: First we show that <h is well-dehned. For, Sf = Sg iff fg~^ = 
X G G, hence 

$(h/) = (0p./)iV(G) = {fp.gx)N{G) 

= ■ 4>p-x)N{G) = {(i)p.g)N{G) = $(h^) 

(i) Take some Scg G Bl^{<[). Evidently for every x E Gp 
(*) {SGri){x) = S{ri{x)), hence Q^Scrj) = S{ri(t)) is a coboundary, and 
fp.Siriit)) = 1 by (2.3), whence 0(5Gh) ^ Conversely, pick 

Sf E Bj^{<) and dehne u = Yl^=ii4>i-Sf)pti- The argument of Lemma 
2.2 shows u lies in Z^(<). Set rj = Using (*) again we 

derive 

p 

^gV = ^i(l>i-Sf)pp = ca. 
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hence dcV G Clearly QiScv) = ■ 

(ii) The argument of Lemma 2.2 is applicable to 1-cocycles satisfying 
(1.13). It shows that rj satisfies (1.13) iff 

(2.6) r]{f) = 4>i.r]{t) 

For i = p we get (pp.rjit) = e, hence the calculation 

$(0(5Gh)) = mvm = {<Pp.v{t))N{G) = N{G). 

gives one direction. Conversely, $(5/) G N{G) means (pp.f = (pp-X 
which implies (j)p-fx~^ = Set g = fx~^ and dehne 1-cocycle pg = 
Since pp.g = e, pg satishes (1.13), whence ScPg G 
As {SGPg)(t) = 5g = 5f by construction, Q^ScPg) = Sf. 

(iii) We must show that <h is onto. For every character y in G^'^ we 
want to construct an / : G —)■ k* satisfying pp.f = y. To this end we 
consider splitting of G into the orbits under the action of Gp. Since 
every orbit is either regular, or a hxed point we have 

G = gi<t,...,gi< U 

For every s G G^'^ we pick a p* G k satisfying pf = y(<s). We dehne / 
by the rule 

fi9i) = Xi9i), fi9i < t^) = 1 for all j 7 ^ 1 and alH = 1 ,..., r, and 
f{s) = Ps for every s G G*"^ 

By dehnition {(t)p.f){9) = fi.9 Therefore {(f>p.f){s) = pf = 

y(s) for every s G G^p. li g = Pi < P for some i,j, then a calculation 
(0p-/)(fi') = fi9i) = Xi9i) = X{9i <P) = x(fl'), which uses the fact that 
y is a hxed point under the action by Gp, completes the proof. 

(iv) follows immediately from Ffcc(<') = ^cc/^ci'^) and parts (i)- 

(iii). □ 

Corollary 2 . 4 . Isomorphism 0 induces a Gp-isomorphism 
0 * ; Hl{<\) ~ Z^(<)/ker $. 

□ 

We proceed to the main result of the section. 

Proposition 2 . 5 . Suppose G is a finite abelian group. If |G| is odd, 
or G is a 2-group and either G 2 -action is trivial, or G is an elementary 
2-group, there exists a Gp-isomorphism 

Hl{<I)c:iH\Gp,G,.)xHUGX). 


( 2 . 7 ) 
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Proof: (1) First we take up the odd case. By the preceeding Corollary 
we need to decompose Z^(<)/ker<l>. We note that for any p and G 
there is a group splitting Z^(G,k*) = B‘^{G,'k*) x H‘^{G,k*) due to 
the fact that the group of 1-cocycles is injective, and hence so is 
k*). We aim at hnding a Cp-invariant complement to B‘^{G,k.*). 
To this end we recall a well-known isomorphism a : H^{G, k*)^Alt(G), 
see e.g. [30, §2.3]. There Alt (G) is the group of all bimultiplicative 
alternating functions 

: G X G —)■ k*, l3{ab, c) = /9(a, c)l3{b, c), and/9(a, a) = 1 for all a G G. 


For the future applications we outline the construction of a. Namely, 
a is the antisymmetrization mapping sending x G Z^(G, k*) to a{z) 
dehned by a(z)(a,b) = z(a,b)z~^(b,a). One can check that a(z) is 
bimultiplicative (cf. [30, (10)]) and it is immediate that a is Gp-linear. 
Another verihcation gives ima = Alt(G) and, moreover, 
ker a = B‘^{G, k*), see [30, Thm.2.2]. Thus we obtain a Gp-isomorphism 
H^{G,k*) ~ Alt(G). 

Since elements of Alt(G) are bimultiplicative mappings Alt(G) C 
Z^(G,k*). For every f5 G Alt(G) a simple calculation gives a{(5) = (3“^. 
Thus a(/9) 7 ^ 1 as the order of (3 divides the exponent of G. It follows 
B^(G, k*) n Alt(G) = {1} which gives a splitting of abelian groups 

Z\GX) = B\GX) X Alt(G) 

But now both subgroups B‘^{G,k*) and Alt(G) are Gp-invariant hence 
there holds Z%{GX) = BIXgX) x AltAr(G) which, in view of 
Alt(G) = Fr^(G, k*), is the same as 

( 2 . 8 ) ZlX = BlXxHl{GX)- 

Now part (iii) of Lemma 2.3 completes the proof of (1). 

(2) Here we prove the second claim of the Proposition. We decom¬ 
pose G into a product of cyclic groups (xj),! < i < m. For every 
a G Alt(G) we dehne Sq, G Z^(G, k*) via 


(Tj , Tj) 


a{xi,Xj), iii < j 
1, else. 


Since Sa ■ Sjs = Sap the set S = {sq,|q; G Alt(G)} is a subgroup of 
Z’^iGX)- Oiie can see easily that Sa = sp ^ a = (3 and a(sa) = a, 
hence S is isomorphic to Alt(G) under a. For every x G Z^(triv), a(x) G 
Alt 7 v(G), and therefore a(z) = a{s) for some s G S^. We have zs~^ G 
i?^(G, k*), but as zs~^ has order 2, zs~^ G i?^(triv). Thus Z^(triv) = 
B^(triv) X Sn which proves (2.7). 
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(3) We prove the last claim of the Proposition. Below G is an ele¬ 
mentary 2-group, and action of C 2 is nontrivial. First we establish an 
intermediate result, namely 

Lemma 2.6. If action < is nontrivial, then is a nonsplit exten¬ 

sion of AltN{G) by 

Proof: This will be carried out in steps. 

(i) We aim at hnding a basis for AltAr(G). We begin by noting that as 
Alt(G) has exponent 2 , Alt at (G) is the set of all hxed points in Alt(G). 
Put R = Z 2 G 2 . One can see easily that i?-module G decomposes as 

(2.9) G = i?i X ■ • ■ X Rm X Go 

where ~ i? as a right G 2 -module, and Go = G'"^. Denote by t the 
generator of G 2 . For each i let {x 2 i-i,X 2 i} be a basis of Ri such that 
X 2 i-i <t = X 2 i. We also £x a basis {a; 2 m-i-i, • • •, Xn\ of Go. 

We associate to every subset {i,i} the bilinear form by setting 

aij{xi,Xj) = aij{xj,Xi) = - 1 , andaij{xk,xi) = Ifor anj{k,l}^ {hi}- 

The set {aij} forms a basis of Alt(G). One can check easily that t acts 
on basic elements as follows 

( 2 . 10 ) t.aij = aki if and only if {xi,Xj}<t := {xi<t,Xj<t} = {xk,xi}. 
Recall the element 02 = 1 -|- t G ZG 2 . We define forms Pij via 

(2.11) /3ij = 02 -ttp' if t.aij 7 ^ ctij, and /3ij = a^j, otherwise. 

The label ij on /3ij is not unique as /3ij = flki whenever {xi,Xj} <t = 
{xk,xi}. Of the two sets {i,j} and {k,l} labeling we agree to use 
the one with the smallest element, and call such minimal. We claim: 

(2.12) The elements {/9p} form a basis of AltAr(G). 

Proof: First we note that for every group M of exponent 2 = 

Suppose fl G Alt(G)‘" 2 . Say (3 = Dj = 0,1. From 

t.fl = = /9 we see that if aij occurs in 0, i.e. e^- = 1 , then 

so does t.aij, hence 0 is a product of (3ij. □ 

(ii) We want to show a{Zjf{<)) = AltAr(G). The restriction g* of a 

to induces a G 2 -ho mo morphism Zjf{<) ^ Alt AT (G) whose kernel 

equals i?^(G, k*) fl Zjf{<) =: 

We begin by showing 02-Alt(G) C ima*. For, if (3 = 02-«, pick an 
s G Z‘^{G,k*) with a(s) = a. Then {t — l).s G Z‘^{<), and a((t —l).s) = 
(t — l).a(s) = (t — l).a = 02 -Q;, as = 1, which gives the inclusion. 



CLASSIFICATION OF HOPF ALGEBRAS 


13 


By step (i) and definition (2.11) it remains to show that all hxed 
points aij he in ima*. By formula (2.10) aij is a fixed point if and only 
if either 


(a) C {2m + l,...,n}or (6) {i, j} = {2k - 1,2k} 


for some k, 1 < k < m. Below we hnd it convenient to write Sij for 

• • 

OLij 

Consider case (a). We claim Sjj is a hxed point. For, t.Sij is bi- 
multiplicative, hence is determined by its values at {xk,xi). It is im¬ 
mediate that t.Sij{xk,xi) = Sij{xk,xi) for all {xk,xi), whence the as¬ 
sertion. Since sf j = 1 for all i,j, = 1, hence Sij G -Z’^(<). As 

a{sij) = aij, this case is done. 

We take up (b). Say 2 : = <S 2 i-i, 2 i for some i,l < i < m. An easy 
verihcation gives (j) 2 -z = 0 : 21 - 12 * 7^ 1- Thus 2 : ^ To prove 

(ii) we need to hnd a coboundary Sgi such that z5gi G -Z’^(<). Since 
a(o 2 j-i 2 i) = l, 02 i-i 2 j = Sfi for some fi : G ^ k*. Put G* for the 
subgroup of G generated by all Xj,j ^ 2i — l,2i. We assert that one 
choice is the function /j dehned by 

(2.13) = (—l)F+.?2+iii2 fQj, 2 ;' G Gi 

For, on the one hand it is immediate that for any x', x” G Gi 

_ / fcl ^k2 ll\ _ t^\jxk2+j2kl 

(^2i-l2i\X2i-lX2iX ,X2i_iX2iX J — ij 


On the other hand the dehnitions of /j and diherential 5 give 

Sf (^h O 2 / fcl k2 ii\ 

_ (^_^yi+i2+jih ^_]^^fci+fc2+fcifc2^_]^^ii+fci+i2+fc2+(ii+fci)(i2+fc2) 

= (^_\yik2+j2ki 


Dehne the function : G —)■ k* by gi{xy^_lX^^x') = pi+t 2 +lii 2 -^vhere 
= —1. One can check easily the equalities /f = 1 and t.gi = gi, gf = 
fi. Hence we have /i(02-fl'i) = figf = fi = 1, and then a calculation 


(l>2-{z6gi) = {(l)2.z){(l)2.Sgi) = 6fi ■ < 5 ( 02 - 5 '*) = S{M4>2-9i)) = 1 


completes the proof of (ii). 

(iii) Suppose x G where G is a G 2 -invariant subgroup. 

Then G is mapped isomorphically on AltAr(G) under a and so there is 
a unique z E G such that a{z) = ai 2 . Since a(si, 2 ) = 0 : 12 , ^ = -Si,2<55' 
for some : G —)■ k*. Further, as 0:12 is a hxed point a(t.z) = ai 2 
as well, hence t.z = z. In addition, since Alt(G) is an elementary 
2-group, 1 = = (si, 2(55')^ = (<55')^ = <5(5'^). It follows that g"^ is a 

character of G. Moreover, t.z = x is equivalent to t.Si^ 2 (t.Sg) = Si^2<55' 
which in turn gives <Si,2(Fsi_2)(T<55f) = Sg. As 02-’Si,2 = 0:12 = <5/i 
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we have 5fi{t.5g) = 5g which implies Sfi = 5g{t.5g) on the account 
of {5gY = = 1 as 5 ^^ is a character. Equivalently we have the 

equality 

(2.14) fi = 9 - (t.g) • X for some x G G. 

Noting that /i is defined up to a character of G we can assume that 
= 1 = fi{x 2 ) and fi{xiX 2 ) = —1. For, /i is dehned as any 
function satisfying Sfi = a^- As 5(/ix) = <^/i for any x G G, /i can 
be modihed by any x- By (2.13) fi{xj) = —1 = fi{xiX 2 ),j = 1, 2 so we 
can take x such that xi^i) = x( 2 ^ 2 ) = —1- The equality (2.14) implies 
that for some x ^ G there holds 

(*) 1 = fi{xj) = g{xi)g{x 2 )x{xj), j = 1, 2, and 

(**) -1 = fiixiX2) = gixiX2fxixiX2) 

as t swaps xi and X 2 . Since g"^ is a character, g‘^{a) = ±1 for every 
a E G. It follows that g{xi) = and g{x 2 ) = for some 0 < 

m,k < 3. Then equation (*) gives 1 = G^^^x{.Xj). This equality 
shows that xi^i) = X(X 2 ) and m + k is even, because x(®) = Tl 
for all a. Now (**), and the fact that g^ is a character, gives —1 = 
g‘^{xi)g‘^{x 2 )x{.Xi)x{.X 2 ) = i 2 (m+fc)^- 2 (m+fc) = X, a contradiction. This 
completes the proof of the Lemma. □ 

Finally we prove (3). Let G be a group with a decomposition (2.9). 
Set G to be the subgroup of 2’^(<) generated by the set B = B' U B” U 
B'" where 

B' = is not a fixed point, and{f,j}is minimal} 

B" = {sij\i < j and {f, j} C {2m + 1,..., n}} 

B'” = {s2i-i^2i5gi\i = 1, • • •, m}. 

There gi is chosen as in the case (ii) of Lemma 2.6. Passing on to 
Z^(<) / ker $ we denote by i?^(<) and G the images of these subgroups 
in / ker $. Pick a v E B. li v E B' U B" then = 1 because the 

corresponding Sij has order 2. For v = S 2 i-i, 2 iSgi, = Sg]; = dfi. We 
know t.fi = fi and ff = 1 and therefore 02-/j = 1, whence Sfi E ker<l> 
by dehnition (2.5). It follows that = 1 for all v E B. Furthermore, 
by Lemma 2.6 the mapping a sends B to the basis (2.12) of AltAr(G). 
Therefore G is isomorphic to Alt at (G) at least as an abelian group 
and forms a complement to i?^(<) in Z^(<)/ker$. Since Alt at (G) 
consists of fixed points the proof will be completed if we show the 
same for G. The fact that B' U B" consists of hxed points follows from 
t(t >2 = 02 and part (a) of Lemma 2.6(ii). For an the equality 
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4>2-S2i-i,2i = Sfi gives t.S 2 i-i, 2 i = S 2 i-i, 2 iSfi. Siiice 6fi G ker<l> and 
t.5gi = 5gi we see that S2i-i,2i5gi is a fixed point in / her $ which 

completes the proof. □ 

3. The Isomorphism Theorems 

We begin with a general observation. Let H be be an extension of 
type (A). The mapping tt induces a kF-comodule structure on H 
via 

(3.1) Pt, H ^ H ® kF, p^{h) = hi (g) 7r(h2). 

H becomes an T-graded algebra with the graded components Hf = 
{h G H\pT,{h) = h® /}. Let y : kF —)■ iL be a section of kF in F. By 
definition y is a convolution invertible kF-comodule mapping, that is 

(3.2) Pnixif)) = Xif) ® /, for every / G F 

Set / = xif)- The next lemma is similar to [23, 3.4] or [24, 7.3.4]. 
Lemma 3 . 1 . For every f & F there holds Hj = k'^ f 

Proof: By definition of components Fi = which equals to k*^ by 
the definition of extension. By (3.2) Pn{f) = f ® f, hence k^f C Hf. 
Since the containment holds for all /, the equalities 

F = = (Bf^pk^ f 

force Hf = k^J for all / G F. □ 

Definition 3 . 2 . Given two F-graded algebras F = ©Fj and H' = 
(BHf and an automorphism a : F —)■ F we say that a linear mapping 
: F —)■ F' is an a-graded morphism if ipiHf) = for all f E F. 

Lemma 3 . 3 . Suppose H and H' are two extensions ofkF by k*^ and 
'ip ■. H ^ H' a Hopf isomorphism sending k*^ to k*^. Then p) is an a- 
graded mapping for some a. 

Proof: Suppose F and H' are given by sequences 

k^ dU F 4 kF, and k^ 4 F' X kF 

By definition of extension Kervr = F(k'^)’'' and likewise KerF = 
F'(k'^)’''. By assumption ■^(k*^) = k*^, hence ip induces a Hopf iso¬ 
morphism a : F/F(k'^)’'' —)■ FYF'(k'^)’''. Replacing F/F(k'^)’'' and 
F'/F'(k'^)’'' by kF we can treat a as a Hopf isomorphism a : kF —)■ 
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kF. a is in fact an automorphism of F. We arrive at a commutative 
diagram 



Since i/j is a coalgebra mapping for every f E F we have 

= (i/’ ® 'iP)Ah(J) = 'ipiiDi) ® i/’(( 7)2), hence 

Pn'i'ipil)) = ^((7)i) ® 7rV((7)2) = 7((7 )i) a7r((7)2) 

On the other hand, applying (g) a to the equality 

Pnil) = (7)i ® 7r((7)2) =1 ® f gives 

^((7)i) ® a7r((7)2) = i/’(7) ® «(/) 

whence we deduce Pn'i'ipif)) = t/’(/) <8ci(/)- Thus E which 

shows the inclusion 

= i/>(k^7) = t^^(7) ^ = fc^a(/) 

Since both sides of the above inclusion have equal dimensions, the proof 
is complete. □ 

In what follows H is an almost abelian Hopf algebra, G = G{H), 
F = Gp, and p is small relative to G. Let < and <' be two actions of 
Gp on G. We denote (G, <) and (G, <') the corresponding Gp-modules 
and we use the notation and ‘o’ for the actions of Gp on cor¬ 
responding by (1.4) to < and respectively. We let /(<,<') denote 
the set of all automorphisms of G intertwining actions < and that 
is automorphisms A : G —)■ G satisfying 

(3.3) (a < x)X = aX<' X, a E G,x E Gp 

We make every A act on functions r : Gp x G^ —)■ k* by 

{t.X){x, a, h) = r(a;, aA“7 hX~^). 

Lemma 3.4. (i) The group Z‘^{G, (k'"p)*) is invariant under the action 
induced by any automorphism of G, 

(ii) A Gp-isomorphism X : (G,<) —)■ (G,<') induces Gp-isomorphisms 
between the groups H^{<) and Z^{<'), , re¬ 

spectively. 

Proof: (i) is immediate. 

(ii) We must check condition (1.12) for r.A and ZGp-linearity of the 
induced map. First we note A“^ is a Gp- isomorphism between (G, <') 
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and (G,<), as one can check readily. Next we verify (1.12) and Cp- 
linearity in a single calculation 

{T.X){xy){a, b) = T{xy, aA“^, h\~^) 

= r(a;, aA“^, h\~^){x • T{y, a\~^, b\~^)) 

= t{x, a\~^, b\~^)T{y, a\~^ < x, b\~^ < x) 

= r(a;, aA“^, 6A“^)r(i/, (a <! a;)A“^, {b <! a;)A“^) 

= (r.A)(a;)(a; o (r.A)(i/))(a, 6). 

In the case of hrst one checks the equality 

{Sgv)-X = bciy-X) for any?] : Cp x G —)■ k*. 

It remains to verify the condition (1.13) for y.X. That is done similarly 
to the calculation in (ii). □ 

Let (G, <) be a Gp-module. Recall that A(<) denotes the group of 
Gp-automorphisms of (G,<). By the above Lemma Z^{<) is an A(<)- 
module. Symmetrically, the group Ap = Aut(Gp) of automorphisms of 
Gp acts on Map(Gp x G^, k*) via 

T.a{x, a, b) = T{a{x), a, b) 

We want to know the effect of this action on Let (G, <) be a 

Gp-module. For a G Ap we dehne a Gp-module (G, <") via 

a <" a; = a < a(x), a G G, x G Cp 

Similarly, an action of Gp on k*^ can be twisted by a into via 

X r = a(x) • r, r G k*^ 

One can see easily that if • and < correspond to each other by (1.4), 
then so do •“ and 

Lemma 3.5. (i) If X E /(<,<'), then X G /(<“,<'") for every a G Ap, 
(ii) The mapping r i—)■ r.a induces an A(<)-isomorphism between 
Z^(<), R^(<), iff (<) and Z^(<"), R^(<"), iL^(<"), respectively for every 
C( G Ap . 

Proof: (i) For every a E G,x E Cp we have 

(a<")A = (a < Q;(a;))A = aX <' a{x) = aX x 

(ii) First we note that A(<) can be identihed with A(<") for any a 
by the folllowing calculation 

{g x)4> = {g < a{x))(l) = (gf) < a{x) = gfxf xfor every0 G A(<). 
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Thus we will treat every as an A(<)- module. Our next step is 

to show that for every r G r.a lies in This boils down 

to checking (1.12) for r.a with the <"-action: 

(T.a)(xy) = T(a(x)a(y)) = T(a(x))(a(x) • T(a(y)) 

= T(a(x))(x T(a(y)) = (T.a)(x)(x •" (T.a)(y)). 

As for A(<)-linearity, for every 0 G A(<), we have 

((T.a).</))(x, a, b) = (T.a)(x, = T(a(x), b(/)~^) 

= (T.</))(a(x), a, b) = ((T.</)).a)(x, a, b). 

□ 

We need several short remarks. 

Lemma 3 . 6 . Suppose r is a 2-cocycle. Assume r G is such that 

(f)p.r = e. Set r* = (()i.r, I < i < p. Define a 1-cocycle ( : Cp ^ (k*^) 
by C(f*) = A a 2-cocycle r' = t{5cC)- Then the mapping 

i : H{t, <) H{t\ <), iipafi) = PaTif, a ^ G, 1 < i < p 

is an equivalence of extensions. 

Proof: It suffices to show show 5gC ^ Bl for then [23, 5.2] yields the 
conclusion of the lemma. Now 5gC ^ means that C, satishes (1.13). 
The argument of Lemma 2.2 used to derive (1.12) from the condition 
(2.4) works verbatim for C,. □ 

Lemma 3 . 7 . is cocommutative iff t lies in 

Proof: is commntative iff ab = ba which is eqnivalent to 

T{a,b) = rip, a). This condition is equivalent to r(t) : G x G —)■ k* 
being a symmetric 2-cocycle. Indeed, one implication is trivial, while 
if r(t) is symmetric, then as pointed ont in the odd case of Proposition 
2.5 r(t) is a cobonndary, that is an element of i?^/ker<l>. A reference 
to Lemma 2.3(i) completes the proof. □ 

Unless stated otherwise, is a noncocommntative Hopf al¬ 
gebra. We pick another algebra isomorphic to via 

ijj : ^ The next observation is noted in [18, p. 802]. 

Lemma 3 . 8 . Mapping tf induces an Hopf automorphism ofk'^. 

□ 

Let G be a hnite gronp and AntHf(k'^) be the gronp of Hopf an- 
tomorphisms of k*^. Identifying (k*^)* with kG as in §1, for every 
(j) G AntHf(k‘^) the transpose mapping is a Hopf antomorphism of 
kG, hence an antomorphism of G. This leads np to 
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Lemma 3.9. Let G be a finite group. The mapping fi* is an 
isomorphism between AutHf(k^) and Aut(G). is a Cp-isomorphism 
(k*^, •) —)■ (k*^, o) if and only if is a Cp-isomorphism {G,<') —)■ 
(G,<). 

Proof: The first assertion is clear by the opening remark. Next we 
recall that acts on G via 

(3.4) (a0*)(/) := f{afi*) = 0(/)(a), / G k^. 

Let < and <' be actions related to • and o by (1.4). The last conclusion 
follows from the calculation 

((a <' x)(j)*){f) = 0(/)(a <' x) = {xo 0(/))(a) = (j){x • /)(a) 

= {a(j)*){x • /) = {afi* < x){f), for all / G k*^. 

□ 

We proceed to the formulation of isomorphism theorems. First we 
rephrase dehnitions of [<] and C'(<). Let denote equivalence of 
actions of Gp on G. With TZ dehned in the Introduction we have [<] = 
G Tl\<' ~ <“forsomeQ; G Ap\ and C(<) = {a G Ap\<T ~ <}. 
Furthermore we denote by Q{<) the subgroup of Aut(G) generated by 
A(<) and a set of automorphisms G /(<,<") one for every a G C(<) 
if < is nontrivial, and A(<) x Ap, otherwise. 

Proposition 3.10. Q{<) is a crossed product o/A(<) with C(<). 

Proof: The claim holds by dehnition for the trivial action. Else, we 
note that AA(<)A“^ = A(<) for every A G /(<,<") by Lemmas 3.4(ii), 
3.5(i). In addition, for every A,/i G /(<,<"), A“^/i G A(<). Thus we 
have /(<,<") = A(<)Aq,. It follows that \a ■ /3)Xag for some 

0(q:,/ 9) G A(<). It remains to show that the kernel of tt : G{<) —)■ 
C(<),7r(0AQ,) = a equals A(<). Pick a : x ^ x^,k ^ 1. Clearly 
A G /(<, <") iff t\ = \t^ where we treat t E Gp as automorphism of G. 
Since elements of A(<) commute with t, /(<, <") n A(<) = 0. □ 

Our next goal is to dehne a ^(<)-module structure on As we 

mentioned above H^{<) is A(<)-module. Further, for every A G /(<, <") 
Lemmas 3.4(ii), 3.5(ii) show that the mapping 

(3.5) ■ T ep-T.\a~^,T e 

is an automorphism of We denote by 0 the automorphism of 

H^{<) induced by 0 G A(<) and we abbreviate ujx^^a to Ua- 

Lemma 3.11. The mapping 0Aq, i—)■ (j)Ua,4> G A(<),q; G C(<) defines 
G{<)-module structure on 
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Proof: is a subquotient of (kpp)*), and the action of 

A(<) and Ua on H^{<) are induced from their action on Z‘^{G, (k'"?’)*). 
Furthermore it is elementary to check that every A G Aut(G) com¬ 
mutes with every /3 E Ap as mappings of Z‘^{G, It follows 

that the equalities = (f){a,/3)uai3 and Ua4x^a^ = Aq-^A"^ hold in 

Aut(Z^(G, (k'"?’) ). This shows that the mapping of the Lemma is a 
homomorphism, as needed. □ 

Theorem 3.12. (I). Noncocommutative extensions H{t, <) 
and are isomorphic if and only if 

(i) There exist an a E Ap and a Gp-isomorphism A : (G, <) —)■ 
(G, <'") such that 

(ii) r' = r.(AQ;“^) in 

(II). There is a bijection between the orbits ofQ{<) in H^{<) not con¬ 
tained in and the isomorphism types of noncocommutative ex¬ 

tensions in Ext[<|](kGp, k*^). 


Proof: (I). In one direction, suppose fj : iL(r,<) —)■ is an 

isomorphism. By Lemma 3.8 ip induces an automorphism 0 : k*^ —)■ k*^, 
and from Lemma 3.3 we have the equality ip{t) = rt^ for some k and 
r G k*^. The equality tp{T^) = 1 implies [rt^Y = (pp{Y) o r = 1 and, 
as (pp{Y) = (pp(t), we have (pp o r = 1 which shows r G (k*^)*. Let 
a : X i-E- x^,x G Gp be this automorphism of Gp, and set (p = iplkc^- 
Then the calculation 

0(t • /) = ipiifGY = ra{t)(p{f)a{t)-^r-^ = a{t) o 0(/), / G k^ 

shows (p : (k*^, •) —)■ (k*^, o") is a Gp-isomorphism. It follows by Lemma 
3.9 that (G,<'") is isomorphic to (G, <) under <p*, hence A = (0*)“^ : 
(G, <) -E (G, <'“) is a required isomorhism. 

It remains to establish the second condition of the theorem. To this 
end we hrst modify ip- Namely, set s = (p~^{r) and observe that, as 
(p~^ is a Gp-mapping and eppO^ r = 1, we get <pp» s = <p~^{(pp o" r) = 1. 
Therefore by Lemma 3.6 there is an equivalence l : —)■ 

with i{t) = st. Notice that i is an algebra map with i(s) = s for all 
s E k*^, hence i~^{t) = s~^t. Thus we have {ipi~Y{t) = by the choice 
of s. It follows we can assume ip(t) = Y hence ip{x) = x^ for all x E Gp. 

Abbreviating iL(r, <), iL(r', <') to iL, HP respectively, we take up the 
identity. 

AH'iYix)) = {ip ®iP)Ah{x),x E Gp, 
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expressing comultiplicativity of ip on elements of Cp. By (1.8) this 
translates into 

(3.6) ^ r'(a;^, a, b)paX^ 0 ^ t{x, c, d)(p{pc)x^ 0 (p{Pd)x^. 

a,b c,d 

Next we connect (p{pb) to the action of 0*. This is given by the formula 

(3.7) 0(Pb) =Pb(0)-i- 

For, since (p is an algebra map, (p{pb) = Pc where c is such that 
4>{Pb){c) = 1. By dehnition of action cp*, (p{pb){c) = {c(p*){pb) = Pb{c(p*), 
hence c(p* = b, whence c = b{(p*)~^. 

Switching summation symbols c,dto I = c{(p*)~^ and m = d{(p*)~^, 
the right-hand side of (3.6) takes on the form 

t{x, l(p*, m(p*)pix^ 0 PmX^ 

l,m 

Thus Ip is comultiplicative on Cp iff 

(3.8) T'{a{x), a, b) = t{x, a(p*, b(p*) = T{(p*)~^{x, a, b) = t.X{x, a, b). 
Applying a~^ to the last displayed equation we arrive at 

(3.9) x'{x, a, b) = T.\a~^{x, a, b). 
as needed. 

Conversely, let us assume hypotheses of part (I). Using Lemma 3.9 
we infer that induces a Hopf Cp-isomorphism 
(p = (A“^)* : (k*^, •) —)■ (k*^, o"). We dehne 

tp : —)■ i7(r', <') via ^(/a;) = (p{f)a{x), f E k'^,a; G Cp. 

First we verify that tp is an algebra map utilizing (p{x»f) = a{x)o(p[f)^ 
namely 

i^{{fx){f'x')) = tp{f{x • f)xx') = (p{f)(p{x • f')a{x)a{x') 

= (p{f){a{x) o (p{f))a{x)a{x') = (p{f)a{x)(p{f')a~^{x)a{x)a{x') 

= (0(/)«(a^))(0(/')«(a^') = ^(/a^)^(/V). 

To see comultiplicativity of tp we need to verify 

(3.10) AH'{tp{fx)) = (0 0 tp)AH{fx). 

By the multiplicativity of AH',tp,AH it suffices to check (3.10) sep¬ 
arately for any / and for every x. Now the hrst case holds as (p is 
a coalgebra mappping, and the second follows from r' = T.Xa~^ by 
calculations (3.6) and (3.9). 
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(II). Let "H denote the set of all pairs with and r' running 

over [<] and \ respectively. We dehne an equivalence 

relation on "H by 

Let "H/ ~ stand for the set of equivalence classes. By construction 
■H/ ~ is just a copy of ncExt[<,](kCp, k*^)/ =. We select the subset 
'H(<) = {(r, <)|r e of "H and dehne the orbit (r, <)^(<) as the 

set {(r', <)|t' G The proof will be complete if we show that the 

set {C n 'H{<)\C G 'Hj coincides with the set of orbits of Q{<) in 
'H(<). Now pick (r', <') G C. Since <' G [<], there exists an isomorphism 
/i G /(<',<") hence setting r = r 'we have (r, <) G C by part (I). 
Moreover C fl 'H(<) 3 (o', <) if and only if Lr(r, <) ~ hence by 

part (I) again we have a = r.ux^a, that is a G Same argument 

shows that the equivalence class generated by (r, <) intersect 'H{<) in 
the orbit of (r, <). □ 

Corollary 3 . 13 . For every t G HI{<[) the cardinality of the orbit tQ{<) 
satisfies 

|rA(<)| < \rQ{<)\ < |C(<)||rA(<)|. 

Proof: Since A(<) C Q{<) the lower bound is clear. By Propositon 
3.10 g{<) = hence r^(<) = ’^6’ 

mains to note that for every a the cardinality of ra;Q,A(<) coincides 
with that of rA(<). □ 

With some extra effort we can extend the bijection theorem to the 
entire set Ext[<,](kCp, k*^) provided G is an elementary p-group for any 
p. Since our prime interest lies with nontrivial Hopf algebras we state 
the result without proof. 

Theorem 3 . 14 . Let G be a finite elementary p-group. The number 
of isotypes of cocommutative Hopf algebras in Ext[<i](kCp, k*^) equals to 
the number of orbits of A{<) in 

□ 

We comment briefly on the dual case of commutative Hopf algebras. 
First, Ext[<,](kC'p, k*^) contains a commutative Hopf algebra iff < = triv. 
Second, we introduce the group Cext(G, Gp) of central extensions of G 
by Gp [2]. We outline properties of Ext[triv](kCp, k*^) again without 
proof. 

Theorem 3 . 15 . (1) The group Ext[triv](kCp, k*^) is isomorphic to the 
group Cext(G,Cp) under the map iL(r, triv) ^ where L{t) is the 
central extension defined by the 2-cocycle r. 
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(2) For G elementary p-group of rank n with an odd p the number of 
isotypes in Ext[triv](lkCp, equals . 

For calculation of orbits of G{<) in H^{<) we prefer to use its isomor¬ 
phic copy Z^(<)/ker$ which we denote by X(<) and refer to it as the 
classifying group for Ext[<|](kCp, k*^). 

We turn X(<) into a ^(<)-module by transfering its action from Z^{<) 
to X^(<) along 0. Pick some cua,® and suppose a~^ : x x\x E Cp. 
For s G X^(<) we put 

(3.11) s.ux,a = {(pi* s).\. 

Lemma 3.16. (i) For every prime and any action ‘<\’ the isomorphism 
0* ; H^{<) ~ X(<) of Corollary 2.f is Q{<\)-linear. 

(ii) For every prime and any action X(<) fits into the exact sequence 

(3.12) G^^/N{G) ^ X(<) ^ a{Z%{<)). 

(iii) For every odd p there is a Q{<) splitting 

(3.13) X(<) ~ G^^/N{G) X Alt^(G'). 

Proof: (i) We begin by noting that for every A G /(<,<") there holds 
(*) X •" (s.A) = (t • s).A, X G Gp. Still assuming a~^ : x ^ x\ 
the conclusion (i) follows from (2.2) and the opening remark by the 
calculation 

0(T.t^A,a) = {T.ux,a){t) = (r.A)(t') = (by (2.2)) (fi •" (r.A)(t) 

= (pi •“ (r(t).A) = (by (*)) {(pi • r(t)).A = 0(r).a;A,„ 

This equation demonstrates that definition (3.11) turnes Z‘^{<) into a 
^(<)-module. It is immediate that B‘^{<) is a ^(<)-subgroup of Z^(<). 
By Lemma 2.3(ii) ker<l> is a ^(<)-subgroup, which proves part (i). 

(ii) The mapping a : X^(G,k*) —)■ Alt(G) of Proposition 2.5 re¬ 
stricted to Zf^{<) gives rise to an exact sequence Bff{<) —)■ ^Ar(<^) 
a{Zff{<). Thanks to the ^(<)-isomorphism G^p/N{G) ~ i?^(<)/ker$ 
induced by (see Lemma 2.3) we arrive at the exact sequence (3.12) 
of ^(<)-modules. 

(iii) For an odd p splitting (2.8) is carried out by the mapping s i—)■ 

sa{s~‘^) X a(s^) which is clearly a ^(<)-map. It remains to note that 
homomorphism $ is also a ^(<)-map. □ 

We point out that part (ii) fails in general for 2-groups.^ 


^See Appendix 2 
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4. Almost Abelian Hope Algebras of Dimension < p‘^ 

4.1. Hopf algebras of dimension < We begin by revisiting clas¬ 
sification of semisimple Hopf algebras of dimension p^ due to [20, 18]. 
If dimff = then by a Kac-Masuoka theorem [9, 20] H contains a 
central subHopf algebra kCp hence H G Ext[triv](lkCp, Thus H is 
commutative, and as Alt(C'p) = 1, if is cocommutative. It follows that 
if = kL where L is a group of order p^, that is L = Cpi or Cp x Cp. 

Suppose dim if = p^. By the Kac-Masuoka theorem, loc.cit, applied 
to if* we have that if* is a central extension of the form kCp ^ 
if * -» Q where dimQ = p^. By the foregoing Q = kG with G = Cp 2 
or Cp X Cp. By duality if is a cocentral extension of kGp by k*^. If 
G = Cp 2 , then Alt(G) = 1, hence if is co commutative. It follows that 
a nontrivial if belongs to Ext(kGp, with a nontrivial action of 

Cp on Cp X Cp. 

Before moving on we introduce algebras Ri = 'LpCp/{{t — 1)*), 0 < 
i < p — 1 and make a notational change. Below we write ak for the 
mapping x i—)■ x G Cp, for and Uk for Ua^. The arguments in 
the next proposition will be used throughout §4.2.2. 

Proposition 4.1. ([18]) There are up to isomorphism p + 7 Hopf al¬ 
gebras in Ext(kCp, p -\-1 of which are nontrivial. 

Proof: We run the procedure for computing the number of isoclasses 
for G = Cp X Cp. Let <r denote the right regular action of Cp on R- 2 . 
Every nontrivial Cp-module {Cp x Cp,<) is isomorphic to (i? 2 ,<r)- In 
consequence Ext(kCp,k'^) = Ext[<|^](kCp, k*^) U Ext[triv](lkC'p, By 
Theorem 3.15(2) Ext[triv](lkC'p; k;*^) contributes four nonisomorphic al¬ 
gebras. It remains to show that Ext[<|^](kCp, k*^) contains p-|-3 isotypes. 
To simplify notation we put < = 

(i) The classifying group X(<). Set G = f ?2 and lete = l,/ = t — 1 
where r is the image of r G f?o in f? 2 - The matrix of t in the basis 

{e,/} is T = . Let {e*,/*} be the dual basis for G. The 

mapping induced by t in G has the matrix T*’’ relative to the dual 
basis. Hence e* is fixed by t and N{G) = {t — 1)^“^.G = 0, as p > 2, 
in the additive notation. It follows that G'"^/N{G) = (e*). Further 
Alt(G) = G A G, where A denote the multiplication in the Grassman 
algebra over G, is generated by e* A /*, and the latter is a fixed by t. 
Therefore 4>p{t).e* A /* = p(e* A /*) = 0, hence AltAr(G) = Alt(G). All 
in all we arrive at the equality 

X(<) = (e*,e*Ar) 
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(ii) Groups A(<),G(<) and G{<). By definition 0 G A(<) iff the 
matrix $ of 0 satisfies <hT = T<h and det $ 7 ^ 0. This condition is 
'c d\ 

, c G Z*. By the opening remark G(<) = Z* 


equivalent to <h = 


0 


c 


■p- 


as (G, ~ (G, <) for every /c G Z: 

The group Q{<) is generated by A(<) and a set {\k\k G Z*} with 
Xk G An easy verihcation gives that Xk defined via 

e.Xk = e,f.Xk = kf lies in 

(hi) Orbits of G{<) in X(<). First we determine the orbits of A(<). 
Pick 0 G A(<) and suppose it has the matrix $ relative to {e, /}. It is 
an elementary fact that the mapping induced by 0 in G has the matrix 
in the dual basis. If $ is written as in (ii) then we have 


e*.0 ^ = ce*, and e* A /*.0 ^ = c^e* 


Af* 


Let us identify ae* + be* A /* G X(<) with the vector (a, b) G Z^. By 
the above 0 G A(<) acts in Z^ via (a, b).(f)~^ = (ca, c%). 

By Corollary 3.13 the ^(<)-orbit of (a, 6 ) is the union of A(<)-orbits 
of elements {a,b).ujk,k G G(<). There Uk = Xka'^^, and for every 
X G X(<) there holds by (3.11) x.Uk = {(j)i.x).Xk where / = k~^. Since 
e* and e* A /* are hxed by t we have 0/.a; = lx for x = e*,e* A /*. 
Moreover it is immediate that e.Xk = e* and e* A f*.Xk = le* A /*. 
We conclude that {a,b).Uk = {la,l^b) G (a, 6 )A(<). It follows that 
^(<)-orbits coincide with A(<)-orbits. We compute the latter. 

The subset Z*^ of Z^ is stable under action of A(<). For every m G 
Z* the set (l,m)A(<) has p — 1 elements and moreover (l,m)A(<) fl 
(l,n)A(<) = 0 if m 7 ^ n. Since |Z*^| = {p — 1)^ the family 
{(l,m)A(<)|m G Z*} accounts for all orbits in Z*^. Thus we ob¬ 
tained p — 1 nontrivial orbits. The complement Z^ \ Z*^ is the union 
of {(0,6)|6 G Z*} and {(a, 0)|a G Zp}. Let C be a generator of Z*. 
It follows readily that {(0,6)|6 G Z*} is the union of (0,1)A(<) and 
(0, ((’)A(<) which supplies two more nontrivial orbits. The second set is 
the union of two trivial orbits, viz. {( 0 , 0 )} and its complement. □ 
To recover the full strength of [18] we would need to show that every 
is self-dual. However, such a theorem is unattainable due to 

the next 


Remark 4.2. Let r(t) = e* A f* and be the corresponding 

Hopf algebra. iL(r, <)* ~ iL(r, <) if and only if is a square in Z*. 


Proof: By general theory H{t, <)* ~ H{t', <) for some r' G An 

isomorphism H{t, <)* ~ H (r, <) exists if and only if r'(t) and r(t) lie on 
the same orbit. The 2-cocycle r' is the multiplication cocycle for H (r, <) 
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written as an element of Ext(]kG, Since H{t, <) = k(G x Cp) and 
e* is a fixed point under the action of Cp, k(e*) is a normal subHopf 
algebra of H{t, <) giving rise to an exact sequence 

(4.1) k{e*) ^ 

where G = {x,y) with x = Il{f*),y = n(t). Clearly xy = yx so 
that G = G. Let pn = (id < 8 ) 11)Ah ■ —)■ 0 kC be the 

coaction induced by If. We want to hnd a section 7 : kC —)■ 
splitting (4.1). This is the matter of Ending T satisfying pn(^) = T®y. 
It is not hard to see that T must be of the form ut for some unit 
u G k'^in fact a tedious but straightforward verification shows that for 
T = ut is a desired element. Since /* is a group-like 
element of pn{f*^T^) = f*'^T^ ®x''y^, and therefore 7 : x''y^ i-)- 

defines a section of kC in iL(r, <). Let r' : G x G ^ k(e*) be the 
2-cocycle associated to 7 . By definition r'(a, b) = p{a)p{h)p{ah)~^. We 
will write below a = x^y\b = x^yK A simple calculation using Tf* = 
f*e*T gives T'{a,b) = e*^K Viewing e* as the functional e*(C) = on 
Gp{t) we conclude that r'(f, a, b) = 

We need to find a decomposition of r'it) according to (2.8), that is 
r'(t) = b- \ with b G and A G AltAr(G). Set /9 = a(r'(f)) and 

note that by the definition of a, /3{a,b) = T'(t,a,b)T'(t,b,a)~^ which 
gives I3{a,b) = Observe that P = a{X) = A^, hence \ = (3^ and 

therefore b = r'. It follows that b{a, b) = Let us select / : 

C —)■ k*, f{x^y^) = (C~ 2 )o. A straightforward calculation produces the 
equality (5/(a, b) = b. We want to find the image of b in X(<) under $, 
that is <l>(6) = 4>p{t).t. Since 4>p{t).f{a) = HEo 4>p{t)-f{x) = 1 

as x<t = X, and (j)p.f{y_)_ = HEo/(«*&) = n?=o(C“^)* = 1- Since 
(j)p{t).f is a character of G, (j)p{t).f = 1. Thus b G ker$ which means 
r'(t) = /3^ in X(<). But f3 = as T{a,b) = (e* A f*){a,b) = 

Thus r'(t) = r{t)^ or (^)e* A f* in the additive notation. By 
Proposition 4.1(iii) r'(t) lies on the orbit of r(t) iff is a square. □ 

4.2. Hopf algebras of dimension . From now on we assume that 
H is of dimension with an abelian group G of grouplikes of order p^. 

Theorem 4.3. There are 5p -|- 23 distinct nontrivial almost abelian 
Hopf algebras of dimension p"^ i/p > 3, 31 i/p = 3, e > 3 and 33, 
otherwise. 

Proof: This will carried out in steps. In the additive notation G = 
or G = Zp 2 0 Zp, and the theory splits into two parts. 
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4.2.1. G = Z3. . 

There are up to isomorphism two nontrivial ZpCp-module structures 
on G. Namely, if Gp-module G is decomposable, then G ~ i ?2 ® -Ri, 
and G otherwise. 

(I) Suppose G ~ i ?2 ® -Ri, and let be the action of Gp on G 
composed of regular actions of Gp on i ?2 and Ri. We aim to prove 

Theorem 4 . 4 . Ext[<|^](]kGp, contains 2p+11 isotypes of extensions 
2 p + 8 of which are nontrivial. 

Proof: We carry out the procedure for computing the number of iso¬ 
types for Gp-module (G,<(i). To simplify notation we put < = <d- 

(1) The classifying group X(<). Select a basis {e,g,f} for G where 
{e, /} is the basis for i ?2 as in Proposition 4.1, and Ri = l^pQ. Clearly 

(1 0 1 \ 

the matrix T of t in that basis is T = I 0 1 0 1. Let {e*, g*, f*} be 

the dual basis for G. We £x a basis {e* A g*, e* A f*, g* A f*} for G A G. 
We refer to the above bases as standard. 

Proposition 4 . 5 . X(<) = (e*, g*) ©GAG. 

Proof: Recall X(<) = G^^/N{G) © AltAr(G). We use the well known 
identification Alt(G) = G A G. One can see easily that the matrix of t 
in the standard basis of G is T*'’. By general principles [4, 111,8.5] the 

/I 0 o\ 

matrix of t in the standard basis of G A G is T*'' A T*'' = ( 0 1 0 1. 

. Vr^ ° V 

It follows that it — ly ^ • G = 0 and {t — ly ^ • G A G = 0, that 
is N(G) = 0 and {G AG) n = G AG. Further, one can see easily 
G^^ = {e*,g*). □ 

(2) Groups A(<), G(<) and G{<). By definition 0 E A(<) iff its matrix 
<h satisfies <hT = T<l> and det <h y 0. By a straighforward calculation 
one can see that 0 G A(<) iff 

( Oil ai 2 uiaX 

0 022 ^23 I , O-ij, G flllfl 22 7^ 0 
0 0 011 J 

It is easy to see that (G, ~ (G, <) for every k E Z* which gives 

G(<) = Zp*. Likewise one can check directly that Xk '. e ^ e, g ^ 
g,f^kf lies in /(<,<^) for every k E Zp*. This determines G{<) as 
the latter is generated by A(<) and the A*,. 
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(3) Orbits of A(<) in X(<). In order to simplify notation we change 
coordinates of matrices (4.2) by setting m = an, n = 022 , ai 2 = u~^q, 
023 = u~^r, ai3 = s. We treat the tuple {u, v, q, r, s) as the coordinate of 
either 0 or its matrix <h. On general principles [4, 111,8.5] the matrices 
of (j)~^ in the standard bases for G and GAG are and A 
respectively. For <F = <F(m, v, q, r, s) a routine calculation gives 


u 0 


(4.3) 

= j M V 


y s u^r 


/ uv 

(4.4) 

^tr ^ ,|,tr _ ^ 


0 , and 

u) 

0 0 \ 

0 , 
q uv j 


where 2 : = det 


u ^q 


u 


Next we identify X(<) with via the 


assignment x = aie* + a2g* + he* A g* + & 2 e* A /* + bsg* A /* i-A 
v{x) = (ai, 02 , 5i, & 2 , We use the notation e',e",i = l,2,j = 1,2,3 
for the standard unit vectors in Z^, Z]], respectively. We begin with 

A(<)-orbits in G'^^ and GAG. We dehne Z-, Z", 0 < i < 2,0 < j < 3 
by the formula 


= {(oi) 02 )|oi 7 ^ 0 andofc = Ofoik > i > 0}, 

Zj = {{bi,b 2 ,b 3 )\bj h Oandfefc = Ofor/c > j > 0}, 

and Zq = {(0,0)}, Zq = {(0,0,0)}. Furthermore we split Z 2 into the 
union of Zil^^, k = 0,1 where Zil^^ = {(&i, C^& 2 , 0)|62 ^ ^p*^}- We let k 
denote an element of {1, (2, 0), (2,1), 3}. 

Lemma 4.6. The sets Z[, Z" are all the orbits of A(<) in G^^ and 
G AG, respectively. 


Proof: First note Z^ = UZ' and = UZ". The equalities e'A(<) = 
Zl,i = 1, 2 are immediate by (4.3). This proves the hrst claim. 

Similarly, using (4.4) one can derive readily the equalities e'{A(<) = 
Z'f for K, = 1,3, and = Zf f,, k = 0,1. □ 

Let us write Z' x Z'f for the set of vectors (^ 1 ,^ 2 ) with vi G Z[,V2 G 
Z'f. These sets are A(<)-stable and some of them are orbits itself. We 
list those that are in 

Lemma 4.7. For all (i, k) 7 ^ (1, (2,/c)), (2, 3),/c = 0,1 Z' x Z'f is an 
orbit. 
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Proof: The claim is that for generators e', e" of Z', Z" in the nonex- 
ceptional cases, (e', e") generates Z[ x Z". We give details for Z'^ x Zg, 
other cases are treated similarly. Combining (4.3) with (4.4) we obtain 

(1, 0, 0, 0,1).A(<) = {(m, 0, X, g, uv)} 

Now for every element (oi, 0, &i, 62, ^s) G x Z'^ the equations u = 
ai,uv = bsjUvr = bi,q = 62, are obviously solvable. A solution to the 

equation z = bi is provided by r = 0 and s = —v~^bi. □ 

We pick up p — 1 additional orbits in 

Lemma 4.8. Each set x k = 0,1 is a union o/(p —1)/2 orbits. 

Proof: Say k = 0. By dehnition Z[ x = {(oi, 0; 61, 62, 0)|ai G 
61 arbitrary}, hence \Z[ x Z^'qI = (p — l)p. For 
every m E Zp*^ we let Zm = (l,0;0,m, 0). By (4.3) and (4.4) for 
(j) = (l){u,v,q,r,s) we have Zm-(t>~^ = {u,0,mr,mu^,0). A direct count 
gives |xmA(<)| = (p — l)p, and one can verify directly that Xm-A(<) fl 
x„.A(<) = 0 for m 7^ n. Since there are orbits of this size, this case 

is done. For i = 1 one should take z'.^ = (1, 0; 0, (^m, 0). □ 

We summarize 

Lemma 4.9. There are 2p + 8 nontrivial orbits 0/A(<) in X(<). 

Proof: The previous two lemmas give p + 8 nontrivial orbits. The rest 
will come from splitting of the remaining set Z 2 x Z3. The latter is 
dehned as {(oi, 02, &i, &2, &3)|a2, G Zp*, oi, 61, 62 arbitrary}. For every 
k E Z,p we dehne Wk = {k, 1, 0, 0,1). Again by (4.3) and (4.4) we have 

(4.5) Wk.(t)~^ = {uk — u~^q,v, z,q,uv). 

where {u, v, q, r, s) are the parameters of 0. This formula shows that 
Wk.(t>~^ does not depend on r. Setting r = 0 we have x = —sv. It 
follows easily that Wk.(t)~^ is uniquely determined by {u,v,q,s), hence 
|t(;fc.A(<)| = (p—l)^p^. Furthermore, we claim that tCfc.A(<)ntcz.A(<) = 
0 for A; 7^ /. For, suppose 

{uk — u~^q, V, —sv, q, uv) = {u'l — u'~^q', v', —s'v', q', u'v') 

for some {u,v,q,s)aii(l{u',v',q',s'). Then v = v',q = q' give u = u', 
hence uk = ul and therefore k = I, a contradiction. We conclude that 
I Uo<A:<p-i iafc.A(<)| = p^(p — 1)^. As this is the number of elements in 
Z 2 X Z", the proof is complete. □ 

(4) Orbits of Q{<). We need to know the action of Uk = where 

\k are defined in part (2). Set I = k~^ (mod p). 
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Lemma 4.10. Action of Uk is described by 

e*.ujk = le*, g*.Uk = Ig* 
e* A g*.Uk = le* A g* 
e* A r.Uk = l^e* A f* 

g*Af*.Uk = -(^^e*Ag* + l^g*Ar 


Proof: By (3.11) for x G X(<), x.Uk = {fi • x).\k- For x = e*, g*, e* A 
g*, e* A f* (pi • X = lx as these elements are fixed by Cp. Because 
(t — 1)^ • G A G = 0 we expand fi in powers of t — 1, namely fi = 
/ + ( 2 ) (t — 1) + higher terms. One can check (t — 1) • A /* = —e* A g* 
which gives 

(l)i»g*Ar = lg*Ar-(^^e*Agf 

By dehnition of Xk its matrix is = diag(l, 1, k) (that is the diagonal 
matrix with entries 1,1, k). It follows (see part (3)) that the matrix of 
Xk in the standard basis of G is (A^^)*'' = diag(l, 1, /). Applying Xk to 
(f)i»x as X runs over the standard bases of G and X(<) we complete the 
proof of the Lemma. □ 

The next Proposition completes the proof of Theorem 4.4. 

Proposition 4.11. The sets ofQ{<) and A{<)-orbits coincide. 


Proof: By Corollary 3.13 for every x G X(<), xQ{<) is a union of orbits 
a;.a;fcA(<) for 1 < A; < p — 1. Thus it suffices to show x.Uk G a;A(<) 
for every k and generators x of every orbit of A(<). We give a sample 
calculation for x = Wm of Lemma 4.9. By Lemma 4.10 


Wm-^k = 



Now take 0 with coordinates u = /, u = /, g = 0, r = 0, s = ( 2 ). 

Then by (4.5) = Wm-OJk as needed. □. 

We move on to the next case 


(II) G ~ i? 3 . We denote by the right multiplication in R^. This 
case is sensitive to the prime p. Let us agree to write Xp for X(<r) if G 
is a p-group. For r G ZpGp we denote by f the image of r in R^. The 
elements e = 1, / = (t — 1), p = (t — 1)^ form a basis for i ?3 in which 


1 1 O' 


action of t is dehned by T 


0 1 1 



. Let {e*,/*,p*} be the dual 
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basis for G, and {e* A /*, e* A g*, f* A g*} the induced basis for GAG. 
We call all these bases standard. We aim to prove 

Theorem 4.12. For p > 3 Ext[<,^](k'"p, kCp) contains p+ 9 isoclasses, 
p + 7 of which are nontrivial, and three nontrivial isoclasses if p = 3. 

Proof: Proof will be carried out in steps following the procedure for 
computing the number of isoclasses. 

(1) Classifying groups Xp. 

Lemma 4.13. If p = 3, then 

Xs = {e*Ar,e*Ag*) 

For every p > 3 

Xp = ZpC* ©GAG 

Proof: The matrices of t in the standard bases of G and GAG are 

1 0 0\ 

1 1 0 1 . From 
1 1 1/ 

this one computes directly (t — 1)^ • G = (t — 1)^ • G A G = 0. Since 
(j)p{t) = {t — 1)^“^, it follows that N{G) = 0 and (G A G)Ar = GAG 
for any p > 3. Furhermore G*"^’ = Z^e* for every p. Thus as Xp = 
G^p/N{G) (B {G AG)n the second statement of the Lemma follows. 

Say p = 3. Then N{G) = (f — 1)^ •G = Z^e*, hence G^^/N{G) = 0. 
Another verihcation gives (G A G)Ar = {e* A /*, e* A g*). □ 

(2) Groups A(<r) and G(<r)- For any ring R with unity viewed 
as a right regular i?-module and any right i?-module M the mapping 
Am : M -A Hom/j(i?, M) dehned by x.XMijn) = mx,x G i? is an 
/^-isomorphism. Setting M = R = we have A(<r) = {Ai?3(m)|m G 
Rs}. Expand m in the standard basis of R^, m = ue+qf+rg. Then the 

( u q r\ 

0 u q \. The matrices of mappings 

0 0 m/ 

induced by 0“^ in G and GAG are and A Explicitly 

/m 0 0 \ / m2 0 0\ 

(4.6) = g M 0 and 4>*'' A = uq m^ 0 

\ r q u I \ g2 _ yf J 

We will show that G(©) = Zip* by constructing a family of isomor¬ 
phisms Afc : (G, <r) —t (G,<^) for every k G Zp*. To this end, let us 


T*'' and T*'' A T*'', respectively, with T*'' A T*'' = 
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take M = (i? 3 ,<^) and set \k = \m{,€). By definition of \k we have 

e.Afc = e, /.Afc = e{t^ - 1), g.Xk = e(t^ - 1)^ 

Using the expansion — 1 = k{t — 1) + ( 2 ) (t — 1)^ (mod {t — 1)^) we 

/I 0 0 \ 

conclude that A^. = | 0 k ( 2 ) is the matrix of \k in the standard 

\0 0 ky 

basis. We shall need an explicit form of the associated matrices de¬ 
scribing the action of \k in G and GAG, respectively. Put I = k~^ 
(mod p) as usual. Then an easy calculation gives 

/I 0 0 \ 

(4.7) (A,-^)*-- = 0 I 0 1 

VO (D 

/ / 0 0 \ 

(4.8) (A-T A (AkT = ( 2 ) 0 . 

Vo 0/7 

Unless stated otherwise we assume below that p > 3. The degenerate 
case p = 3 follows easily from the general one. 

(3) Orbits of A(<r) in Xp. We identify Xp with via x = ae* + 
bie* A f* + 626 * Ag* + b^g* A f* ^ (a, 61 , 62 , bs). We begin by listing all 
orbits in G^'p and GAG, respectively: 

4 = {( 0 )}, = {(a)|a ^ 0 }, X" = {( 0 , 0 , 0 )}, 

Z'X = Ch, 0,..., 0) | 6 , e Zp-7, t = l,2, 3; j = 0,1 

where the * denotes an arbitrary element of Zp. For more complex 
orbits we need vectors Vkijn) = (1, 0,..., m, 0 ..., 0) G lA with the m 
hlling the (A; -|- l)th slot, k = 1, 2, 3 and running over Zp*. 

Lemma 4.14. There are 3p-|- 5 orbits of A{<r) in ^p, namely 

Zq X Zq, Z[ X Zq, Z'q X Z”j, and Vk{m)A{<r), k = 1,2,3 

Proof: The hrst two sets are clearly orbits. By (4.6) and every i,j 
(0,..., 7,0,..., O).0 = (0, ..., 0 ..., 0) with the * standing 

i+l 

for an arbitrary element of Zp. This shows Xq x Z'h is the orbit of 
(0,..., 7 ) 0) • • •) 0)- Applying (4.6) again we have 

i+l 

(4.9) Vk{m).f = (u, v^m, 0,..., 0) 

From this one can see easily that Vk{rn)A(<\f) has (p — l)p^“^ elements. 
Another verihcation gives Vk{rn)A{<\f) nvk{n)A{<r) = 0 for m 7 ^ n. Let 
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US define Z" = Z'g U Z"^ and observe that \Z'l\ = {p — which 

gives \Z[ X Z'l\ = (p — Evidently Vi{m) E Z[x Z" for all m and 

therefore comparing cardinalities we arrive at the equality Z\ x Z" = 
Urnclearly Xp = IJ Z[ x Zf, / = 0,1; 0 < i < 3 which 
completes the proof. □ 

(4) End of the proof. 

Proposition 4.15. The nonzero orbits ofQ{<r) in^p are as follows: 

Z'q X Z”j,Zq X Z'f, Z[ X Xq, Z[ X Z'f^ Z[ X Z'f^^ andvi{m)K{<\r)-, 
where i = 1, 3, j = 0,1 and m runs over Zp*. 

Proof: By Corollary 3.13 we need to determine the A(<r)-orbit con¬ 
taining vuk where v runs over a set of generators of A(<r)-orbits of 
Lemma 4.14, and ojk = 2 < k < p — 1. 

(i) For A(<r)-orbits Z[ x Z'f and Xg x Z'h generators are e* and 
Aj = (0, 0,..., C , 0), respectively. In view of e* and e* A f* being 

i+1 

hxed points for the action of t, and by (4.7), (4.8) it is immediate that 

(4.10) e*Uk = le* anduijcafc = I'^vij, 

hence Zq x Z"j and Z[ x Z'f are ^(<r)-orbits. 

(ii) Next we take the generator ^20 = e* A g*. Noting that (t — 1)^ • 
e* A g* = 0, we use the expansion fi = I + (2) {t — 1) (mod {t — 1)^) to 
derive 

fi • e* A g* = ce* A f* + le* A g*, c E Zp. 

Applying to the last equation we hnd with the help from (4.8) 

(4.11) e* A g*Uk = c'e* A f* + l^e* A g*, for somec' E Zp. 

The last equation shows that V 2 o.uJk ^ 'P2iA(<r) if I, hence k, is not 
a square, and V 2 o.oJk £ 'P20'^(<ir), otherwise. This means U2o^(<r) = 
Z'q X {Z'ff^ U Ziff) = Zq X Zf as needed. 

The argument for the generator v^j = (0, 0, 0, f* Ag* of Zq x 

Zfj is almost identical. Using the expansion 0; = /-|-ci(t —1)-|-C2(t —1)^ 
(mod (f — 1)^) we derive 0 ;«/*A 5 f* = (ci-fC2 )e*A/* + Cie*A^f*-!-//*A^f*. 
Applying \k we have by (4.8) 

(4.12) f* A g*.ujk = c[e* A /* + cf^e* A g* + ff* A g*, cf Ci G Zp. 

which shows f* A g*.ujk E Z^j for every k, hence Zq x Zf - is a Q{<r)- 
orbit. 

(hi) We pause to mention that the above arguments settle the p = 3- 
case. For, since X3 = {e* A f*,e* A g*), by parts (i) and (ii) it has three 
nonzero orbits, namely Z'f, Zf,j = 0,1. 
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(iv) Here we take vi{m) = (l,m,0,0). Calculations in part (i) give 
Vi{m).Uk = (/,/^m,0,0) G ni(m)A(<r) by (4.9). That is, ni(m)A(<r) is 
a ^(<r)-orbit for every m G Zp*. 

It remains to show that the last three sets of the Proposition are 
^(<r)-orbits. 

(v) Z[ X Z 2 is an orbit. By Lemma 4.14 Z[ x Z'^ = UmA(<r) 
where V 2 {m) = e* +me* Ag*. Note that by (4.10) and (4.11) there holds 
V 2 {m).Uk = (/, c', l^m, 0). On the other hand we have by (4.6) V 2 {n).(f) = 
{u, uq, v?n, 0) where u, q run over Z* and Zp, respectively. For every I 
choosing 0 = 0 (/, u~^c', 0 ) and n = Im we obtain V 2 {rn).Uk = ^ 2 ( 11 ) 0 ”^- 
Letting k hence I run over Z* we see that V 2 {m)Q{<r) = Un'^ 2 (R)A(<r) 
which completes the proof. 

(vi) Here we show that each Z[ x Z 3 I is an orbit. By (4.10) and 

(4.12) 

V‘i{m).uJk = (1, 0, 0, m).Uk = (/, c', c", ml‘^) for some c', c” G Zp. 

We seek an n such that 

(4.13) vz{rn).0Jk = U 3 (n). 0 for some0 G A(<r)- 

By (4.6) 413 ( 74 ).0 = (u, — ur,uq,u‘^n) where u,q,r take arbitrary 

values in Z* and Zp, respectively. Choosing u,q,r such that 
u = l,q^ — ur = c', uq = c" and n = mf fullhls (4.13). This yields the 
equality (*) v^{m)Q{<\r) = (1, 0, 0,74)A(<r)- Therefore depending 

on 774 G Zp*^, or 774 0 Zp*^ the right hand side of (*) equals to Z[ x Z'^q 
or Zq X respectively. □ 

4.2.2. G = Zpe © Zp. . 

Our immediate goal is to classify nontrivial Hopf algebras in 
Ext(]kGp, We hnd it convenient to enlarge the scope of the 

problem by taking G = Zpe © Zp for any e > 2 as the amount of effort 
is the same as for e = 2. As before our prime is odd, the even case is 
done in [11]. The end result is- 

Theorem 4.16. There are 2p+8 distinet Hopf algebras in Ext(kGp, k*^) 
if either p > 3 or e>3, and 16 if p = 3 and e = 2. 

Proof: We break up the proof in steps. 

(1) Our hrst task is to describe the set of classes [<] and their as¬ 
sociated groups A(<),G(<). We need several preliminary observations. 
Every representation < : Gp —)■ Aut(G) is determined by <(t). Let 
us write Pg = Aut(Zpe © Zp) and Pe(p) for the set of all elements of 
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order p in Fg. It is clear that the mapping < i—)■ <(t) sets up a bi- 
jection between the set {<} and Te{p), and we will identify both sets. 
Furthermore the class eq(<) of representations equivalent to < corre¬ 
sponds to the Fg-conjugacy class of <(t) denoted It follows that 

G has a natural basis 61,62 comprised of generators of Zpe,Zp, re¬ 
spectively. Let 6 be an endomorphism of G. We use the standard 
matrix representation of endomorphisms of direct sums to associate 

to 6 a matrix M(e) = relative to the basis { 61 , 62 } with 

a, b,c,d E Zpe and the bar over an n G denoting the image of n in 
Zp. The correspondence e 1 —)■ M(e) extends to an isomorphism under 
the multiplication rule 

/ a f h'\ _ f aa' + c'bp^~^ ab' + bd'\ 

dJ d'J \(ca' -I- dc')p‘^~^ dd' ) 


Lemma 4.17. Fg is the set of all matrices 
satisfying ad 7 ^ 0 




jp \ 


Zp induces a homomor- 


0 d 


. If 7 is invertible 


Proof: The natural epimorphism G —)■ Z 

phism TT : Fg —)■ Aut(Zp) via ^ ^ 

then so is 75 ( 7 ), and the latter is equivalent to ad 7 ^ 0. Conversely, if 
ad 7 ^ 0, then a, d are units in Zpe. One can check easily a factorization 

b 


(4.14) 


a 

^e—1 


^cp" " d, 
which completes the proof. 


1 0 

a-lgpe-l I 


a 0 
0 d 


a a ^b 
0 d 


□ 


Lemma 4.18. (i) Fg(p) is the set of all matrices 

(ii) |Fg(p)| = p^ regardless of e; 

(hi) Fg(p) is a normal subgroup o/Fg. 


/'l + ip^ ^ 
y kp^~^ 



Proof: (i) Assume M = ^ ^ has order p. Then 7 r(M) has also 

order p which implies d^ = 1 = ?, hence d = 1 and a = 1 (mod p). A 
straightforward induction on r gives 


-h bc[l)p^ ^ 

g— 1 

rep 



(4.15) 


M 


a' 
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whence = / iff = 1. But this condition on a is equivalent to 
a = 1 + (ii) and (iii) are easy consequences of (i). □ 

By the above Lemma Te{p) does not depend on e. We will omit e 
from its notation below. 

Remark 4.19. All parts of this Lemma fail for p = 2. 

Proposition 4.20. The set {[<]} consists of five nontrivial elements. 


Proof: (1) The hrst class of action is the one generated by <i with 
<i(t) = diag(l + 1 ), the diagonal matrix with entries 1 + 1 

on the main diagonal in that order. Using (4.14) one can see easily 
that the matrices diag(l + kp'^~^,l) form the center of r(p). Since 
= diag(l + kp^~^, 1 ) it follows that [<i] = {<i|l < k < p — 1}. 
As <i(t) is in the center A(<i) = Le, C(<i) = {1} hence Q{<i) = A(<i). 

(2) Let be the subset of lower triangular matrices in T{p), Z 
the center of r(p) and = T(, \ Z. Fix one action dehned by 


Mt) = 


P 


1 

1 


Lemma 4.21. fi' 


T' — <f ■ 
-‘■e ~ > 


(ii) /(<£,<^) 7 ^ 0 for every k. In particular, diag{l,k ^) G 
a o' 


111 


A(<£) = 


cp 


a 


and C{<£) = Aj, 


Proof: (i) Pick another action < with <(t) = 


l + ip^ ^ O', . , 

jpe-l 


Matrices 


yJ the center of T^. By (4.14) equals to 

where 7 runs over all upper triangular matrices in Pg. Choose a 
a 0 

7 = ■ 


Q and observe that 7 G /(<£,<) iff (*) <i{t)p = (t). One 

can see by a direct calculation that (*) holds iff 

ai + bj = 0 (mod p) 
a = jd (modp). 


These congruences are equivalent to the conditions b = —aij ^ (mod p), 

d = aj~^ (mod p) which gives (**) /(<£,<) = {( )}. 

\cp CiJ~ J 

(ii) Take < = <^ and observe that i = 0,j = k for this action. 
Specifying a = 1, c = 0 in (**) yields (2). 

(iii) Set < = <£ and note that f = 0,j = 1 in this case. Then (**) 

gives the assertion. □ 
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(3) It remains to describe conjugacy classes in r(p) \ T^. Elements 
of this set are distinguished by the property- 

Lemma 4.22. <(t) G r(p) \ iff the Cp-module (G, <) is cyclic. 

1 + j 

kp'^~^ 1 

j 7 ^ 0 and therefore from ci < t = (1 + ip^~^)ei + je 2 we have 62 = 
j~^ei < (t — {1 + showing that G is generated by Ci. 

Conversely, assume j = 0. The subgroup (pci) is a Cp-submodule 
of G. Further, G/{pef) is a trivial Cp-module isomorphic to Zp © Zp 
which proves (G, <) is not cyclic. □ 

We associate to an action < G r(p) \ with <(t) = 

the element m{<) = jk of Zpe. For an n G Zpe we dehne I{n) to be the 
ideal of R generated by pit — 1), {t — 1)^ — and {t — 1)^. m(<) is 
an invariant of according to 

Lemma 4.23. (i) In the foregoing notation (G, <) ~ R/I{m). 

(ii) Two actions <, <' in r(p) \ are equivalent ifffn{<) = 

Proof: Let R = ZpeGp. Since G = eiR by the preceeding Lemma, 
both the assertions follow from the equality I{m) = dim^ei for m = 
m{<). In one direction, a simple calculation gives that pei is a hxed 
point and ei<(t — 1)^ = jkp'^~^ei. It follows that ei<g(t) = 0 for every 
generator g{t) of I{m) from the above list, whence I{m) C ann^jCi. In 
the opposite direction we note every element of R is congruent to some 
n + m(t — l),n,m G Zpe modulo I{m). Were ann/jci 7 ^ /(lu), there 
would be an n+m(t — l) with ei<{n+m(t — l)) = 0, yet n 7 ^ 0 or m ^ 0 
(mod p). But Cl < (n + m(t — 1)) = (n + mip^~^)ei + mje 2 = 0 holds 
iff m = 0 (mod p) and n = 0 proving the equality in question. □ 
We single out three actions in r(p) \ T^, 


fl + ip^ ^ j\ 
y kp^~^ 1 J 


G T{p)\T£. Then 


Proof: In one direction take <{t) = 


(4.16) 




The next lemma completes the proof of the Proposition 


Lemma 4.24. r(p) \ is the union of [<°], [<^] and . 


Proof: By the formula (4.15) we have m{<f) = r^m(<). The preceed¬ 
ing Lemma makes it clear that sets = 0,1,C correspond to the 

orbits of Zp*^ in Zp, namely {0}, Zp*^, ^Zp*^. □ 
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(4) We complete the proof of the main theorem of this section by 
computing the classifying groups and orbits for each of the hve classes 
of actions. To begin with we select a basis for G dual to {cj} denoted by 
{e*}. CpandreactinGby(1.4)and(/.7)(5() =/(^ly-i),/ EG,g eG, 
respectively. These actions extend to Alt(G) = GAG in the usual way. 
We note that Alt(G) is generated by /9 = A and the latter form 
has order p. For the future references we record 

Lemma 4.25. (i) Let ( -^1 be the matrix of either 7 G T or t 

\cp^ a J 

( a c 

(ii) There holds /9.7“^ = adjS, t.fd = (3, and AltAr(G) = Alt(G). 

Proof: (i) is seen by a simple calculation. For (ii) we use part (i) 
to calculate el A 63.7“^ = {ael + cel) ^ {bp'^~^el + del) = ^ 2 - 

Similartly t.el Ael = ^ 2 - However in the case of t, a = 1 + ip^~^ 

and d = 1 by Lemma 4.18, which gives the second formula. Therefore 
(f)p(t)./3 = p/3 = 0 which proves the last assertion. □ 

(i) We take up the action <1 of Proposition 4.20(1). 

Lemma 4.26. Ext[<ip(]kGp, k*^) contains two distinct nontrivial Hopf 
algebras. 

Proof: A simple calculation gives G^’’ = {pel, el). As for N{G) we 
have (j)p{t).el = pel = 0 and 4>p{t).el = (X]i=o(l +p"'“^)*)ei = pel. It 
follows that G^p/N{G) = {el) where 62 = 63 + N{G). As noted in 
Proposition 4.20(1) Q{<i) = A(<i) = Fg. By Lemma 4.25 63.7“^ = 
^63 and /9.7“^ = adf3. We conclude that X(<i) ~ Zp © Zp with the 
action (01,62).7 = (dci,adc2). Now it is immediate that there are two 
nontrivial (i.e. 62 7^ 0) orbits, viz. {(0,62)} and {ci,C2|ciC2 7^ 0}. □ 

(ii) Next we consider <£ from Proposition 4.20(2). 

Lemma 4.27. There are p + 1 distinct nontrivial Hopf algebras in 
Ext[<„] (kGp, k*^). 

Proof: One can see easily with the help from Lemma 4.25 G^p = 
{pel, el). Further A^(62) = pel = 0 and A^(6i) = pef All in all we 
have G^p/N{G) = (63) and X(<£) = {el, (3). Using dehnition (3.11) 
we have el.Uk = {fk-'^itf.ell.Xk where \k = diag(l,k“^) by Lemma 
4.21. Since 63 is a hxed point, 0^-1 (t).63 = k~^el and by Lemma 
4.25 62.Afc = kel, hence 63 is hxed by 0;^. A similar calculation gives 
(3.Uk = 13. Thus ^(<£)-orbits coincide with A(<£)-orbits. For the latter 



CLASSIFICATION OF HOPF ALGEBRAS 


39 


we take 0 G A(<£) as in Lemma 4.21 (iii) and apply Lemma 4.25 to get 
= 062 It transpires that X(<£) ~ with the 

action on the right by (ci,C 2 ). 0 “^ = ( 061 , 0 ^ 62 ). Now the argument in 
Proposition 4.1 completes the proof. □ 

(iii) Finally we tackle actions (4.16). We determine the groups 
A(<'^), C(<^), g = 0 , 1 , C and sets of intertwiners {Xk\k G C(<'?)}. 

Lemma 4.28. (i) A(<'^) = 

(ii) C(<°) = Ap and for < 

(iii) Ifq^O, then C(<^) = 

Proof: (i) A(<^) is the group of units of Endj:;(i?//(g)). We pointed 
out in Theorem 4.12(2) that Endii;(i?//(g)) consists of mappings 
\{u) : X e-)■ ux^UjX G R/I{q). By Lemma 4.23(i) u = al + b{t — 1) 
where r = r + I{q) for r E R. It is immediate that the matrix of X{u) 
relative to { 1 , (t — 1 )} is the one in part (i). 

(ii) and (iii) By Lemma 4.23 C(<'^) = {k\k'^q = q}. Clearly this 
formula implies C'(<°) = Ap and C'(<'^) = {l,p — 1} for g 7 ^ 0. Let 

us write R = R/I{q) and denote by the Cp-module {R,{<'^)^). 

By general principles for every k G C{<A), HomR(i?, i? ) consists of 
mappings X{u),u G R. Pick A(l) and observe that for every suitable k 
the matrices of A(l) in the basis {l,f — 1} are as given in (ii) and (iii), 
respectively. □ 

The last step of the proof of Theorems 4.16 and 4.3 is- 

Lemma 4.29. (i) There are p +1 nontrivial distinct Hopf algebras in 
Ext[<,o](]kCp, k*^); 

(ii) There are two nontrivial distinct Hopf algebras in Ext[<| 9 ] (kCp, k*^) 
for g = 1, C if either p > 3 or e >3, and four otherwise. 

Proof: (i) One can see easily that G'^J’(<°) = {e\) and N{G{<P)) = 
pe^, hence G'"^{<P)/N{G{<P)) = (e^). By Lemma 4.25(ii) X(<°) = 
(e);,/9). Pick a 7 G A(<°) as in Lemma 4.28. By Lemma 4.25 there 
holds 6 ^. 7 “^ = ae); and/ 9 . 7 “^ = iRfd. This type of action occured in 
Proposition 4.1 whose argument yields p + 1 nontrivial A(<°)-orbits. 
Turning to ^(<°)-orbits, pick a A^ = diag(l, A;) from the preceeding 
lemma. Since e\, (3 are hxed by t we have e\.ujk = (0fc-i-e^).Afc = k~^e\ 
and [d.Uk = (0fc-i./9).Afc = k~‘^(3. This shows that ^(<°)-orbits coincide 
with A(<°) ones, and the proof is complete. 


a b 

..e-l 


bqp'^ " 

very 1 < k < p — 1 /(<°, (<°)^) 3 


{l,p—l} andl{<'^,{<'^y ^)3 


gp 


1 

e—1 


1 0 
0 kj’ 
0_ 
T 
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(ii) A straighforward calculation gives = (pel). For calcula¬ 

tion of N{G{<'^)) we employ (4.15) which gives readily that 

= [ 5^(1 + + C^r)e*2 

r=0 h / 

As X]r=o ^ ~ ( 2 ) P ^2 = 0 we conclude 

(j)p{t).el = {p + qiYllZo Similarly one can derive 

p-i 

<Pp{t)-e*2 = q{^r)p^~^el + pe*2 = 0 

r=0 

Next we note that an elementary calculation gives X]r=o (D ~ (3) • 
us put c(p) = p + q{^p‘^~^- We observe that if p > 3, then c{p) = p 
(mod p®). For p = 3 and either e > 3 or e = 2 and q = I, c(3) = 3u, 
where u is a unit in Z^e. In the exceptional case e = 2 and q = 2, 
c(3) = 9. This translates into 0p(t).e); = puel for all p,e,q, except for 
the exceptional case where 03(t).e^ = 0. We conclude that N{G{<'^)) = 
(pel) in the regular case and it is zero, otherwise. In consequence 

X(<^) = {/3) for allp, e 
X(<‘’) = {f3) ifp > 3ore > 3 
X(<^) = {3el, I3) ifp = 2 = e. 

By Lemmas 4.25(ii), 4.28(i) I3.(()~^ = aZ(3 for every 0 G A(<'^). It 
follows that there are two nontrivial A(<'^)-orbits in X(<'?) in the regular 
case and also for X(<^) in all cases, namely {cg/9|c G Zp*^ for q = 
1,C}- Using Lemma 4.28(iii) it is immediate that p.Up-i = /3. That 
says ^(<'^)-orbits coinside with A(<^)-orbits. In the exceptional case 
36^.0“^ = a(3e^) and 3 e^.a ;2 = —de^. It follows that A(<^) and ^(<^) 
actonX(<^) by (ci,C 2 ). 0 “^ = (aci,a^C 2 ) and (ci,C 2 ).a ;2 = (—ci,C 2 ) with 
the usual identihcation X(<^) ~ By the argument of Proposition 
4.1 there are four nontrivial A(<^)-orbits. One can check directly that 
the mapping (ci,C 2 ) (—ci,C 2 ) preserves the orbits, completing the 

proof. □ 


5. Some old classification results revisited 

The hrst result concerns the G. Kac’s 8-dimensional Hopf algebra 
[8, 19] which we denote by Hq. 

Theorem 5.1. There is a unique semisimple, nontrivial 8-dimensional 
Hopf algebra. 
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Proof: It is easy to see that every Hopf algebra H as in the Theorem is 
isomorphic to k^ 0 M 2 (k) as algebra where M 2 (k) is the algebra of 2 x 2 
matrices. Applying this remark to H* we conclude that H* has exactly 
4 characters, hence G{H) has order 4. Thus H is almost abelian, hence 
H G Ext(kC 2 , By Theorem 3.12(11) the number of nontrivial 

isotypes in Ext[<|](kC' 2 , k*^) equals to the number of nontrivial A(<)- 
orbits in Tr^(<) for every action < of C 2 on G. By Corollary 2.4 that 
number coincides with the number of nontrivial A(<)-orbits in X(<). 
For every cyclic group C„, Alt(C„) is trivial. Hence, were G = G^ 
we would have X(<) = G^^/N{G) by Lemma 3.16(ii) and therefore 
X(<) does not have nontrivial orbits. We take up the remaining case 
G = G{H) = G 2 X G 2 . Let {xi,X 2 } be a basis for G and its 

dual. There is only one equivalence class of actions on G. We choose the 
action xi<it = X 2 , X 2 <t = Xi. A routine verihcation gives G^^ = N{G) = 
{x\x 2 )- Thus by Lemma 3.16 X(<) ~ a(X^(<)) and by Proposition 
2.5(3) we have a(X^(<)) = Alt 7 v(G)- Further, it is immediate that 
AltAr(G) = Alt(G) and the latter consists of one nonzero element. 
This shows that X(<) has one nontrivial A(<)-orbit, and the proof is 
complete. □ 

With a small additional effort one can give a presentation of by 
generators and relations. For two vectors a = x\^x^ 2 : ^ we let 

det(a, 6 ) = jik 2 - j 2 ki- 

Proposition 5.2. Hg is generated as algebra by xl,X 2 ,t subject to the 
relations 

xl = X 2 = t = 1 

txlt~^ = x* 2 ^tx* 2 t~^ = x\ 

The coalgehra structure is specified by 

®Pb)t 0 t, where = — 1 . 

a,bGG 

In addition the equations S{x*) = x*,i = 1,2, S(t) = t and e{x\) = 
^(^ 2 ) = 1 determine the antipode and augmentation. 

Proof: Since is a special cocentral extensions iLg = k.G4fk.G2 as 
algebra. With t a generator of Co the algebra relations follow immedi¬ 
ately. By (1.8) 

m = ( 5 ; rit, a, h)pa ® Pb)t ® t where T{t, a, h) G X(<). As X(<) has 

a,b&G 

only one nonzero element, the latter provided by Proposition 2.5(3ii), 
we have rit, a, b) = Si, 2 ^fi'- A straightforward calculation gives 
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r(t, a, b) = 

We find the antipode by using [23, Prop. 4.7]. In our case, i.e. 
for a special cocentral extension, the formula specializes to S{pat) = 
a~^, ■ Since = 1 and r(t, a, a) = 1, we obtain S(t) = 

= J2aPa.<t^ ~ Propositiou is self-evideut. 

□ 

A. Masuoka [19] presents Hg by a different set of generators and 
relations. The two are related by replacing t with 2 ; = gx\t. The set 
{x\,X 2 ,z} generates and one can derive all relations of [19, Thm. 
2.13], with one exception, viz. S{z) = |(—e + x\+ x *2 + x\x* 2 )z. We 
leave the details to the reader. 

We take up the problem of classifying isotypes of Hopf algebras H 
of dimension 2'n? with G{H) = Zn x '^n for an odd n. Put differently 
we want to determine the isotypes of Ext(]kC 2 , We let G = 

Following the general procedure we split up the argument into steps. 

(1) A survey of actions. 

We will assume n = p^ ■ ■ ■ p^ is the prime decomposition of n. 
We let G{i) denote the pj-primary summand of G. Clearly G{i) = 
ZpEi © ZpEi and G = ®G(i). Every G{i) is invariant under any auto¬ 
morphism of G, in particular under any action of G 2 . Since every p* 
is odd 'L„hG 2 = © Z where eo = e_i = Idempo- 

tents induce a splitting G{i) = G(i)eo © G(i)e_i into a direct sum of 
subgroups on which t acts as ±id. Therefore for every action < we can 
write G as 

(5.1) G = Gq © G_i ® Gq,— 1 , where 

Go = ©{G(i)| t\G{i) = id}, G_i = ©{G(i)| tic© = -id}, and 
Go -1 = ©{G(i)| t\G{i) 7 ^ ±id}. 

Every equivalence class of actions is determined by its decomposition 

(5.1) . 

(2) Classifying groups. 

First we show that G^^/N{G) = (0). Pick xG'"^. Then N{x) ■ = 
(1 + t).x = 2%. Since 2 is a unit in Z„, y G N{Q), which proves our 
assertion. By Lemma 3.16(iii) X(<) = AltAr(G). Consider an alternate 
mapping /9 : G x G —)■ Z„. It is apparent that /3{g,h) = 0 whenever g, h 
he in different components (G(i) of decomposition (5.1). For g,h E Go 
(1 + t)./3{g, h) = 2/9(p, h) and similarly for if p, h G G_i. It transpires 
that (1 + t)./9(p, h) = 0 iff P{g, h) = 0 for every j3 ■. G^ x G^ ^ Z.^,, z/ = 
0, —1. We conclude that X(<) = 0 if Go,-i = 0. 
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The above discussion shows that AltAr(G) = AltAr(Go-i). Let us 
renumber the prime divisors of n so that Go,-i = G{i). We noted 

above that G{i) = G(i)eo®G(f)e_i and since Z is an indecomposable 
group, G{i)ei, ~ Z^^i. Therefore we can select a basis of G{i) 

with ai,bi generating G(i)eo, G(i)e_i, respectively and both of order 
Pi*. Set a = b = observe that a,b generate subgroups 

Go-ieu^p = 0,-1, respectively. Let us write n(<) = 7^ 

±id}. Set a = X] ^ = X] observe that a, b generate subgroups 

Go,-Aiy, P = 0,-1, respectively. In addition both subgroups {a),{b) 
are cyclic of order n(<), hence Go,-i — Zn(<) x ^n(<)- It follows that 
Alt(Go,-i) is cyclic on a generator, say, /3o dehned by /3o{a,b) = 

The calculation {l+t)./3o{a, b) = /9o(o, &)+/9(a, —b) = 0 gives the equal¬ 
ity AltAr(G'o-i) = Alt(G'o-i). It follows that X(<) = Alt(Go-i) ^ 
Zn(<). We observe that since X(<) ~ iL^(kC' 2 ,<) that formula im¬ 
plies a result of A. Masuoka [22, Thm. 2.1] on Opext(kC' 2 , k*^). 

We summarize 

Theorem 5.3. (1) If < is such that Go,-i = 0, then Ext[<,](kC 2 , k*^) 
has a unique Hopf algebra k[G x C 2 ] where G x C 2 is the semidirect 
product with respect to <. 

(2) For < with a nonzero Go,-i the isotypes in Ext[<,](kG 2 , k*^) corre¬ 
spond bijectively to the subgroups o/Z„(<|). The trivial subgroup o/Z„(<,) 
corresponds to a unique trivial Hopf algebra k[G x G 2 ]. 

Proof: It remains to compute the orbits of A(<) in Alt(Go,-i). First 
off, every 0 G A(<) preserves Gq whence 

acj) = ua, b(j) = vb for some u,v E 

Therefore {p.4>){a,b) := /9(a0“^, 6.0“^) = u~^v~^P{a,b). This shows 
that transwering action of A(<) along the isomorphism ft ft {a, b) : 
Alt(Go,-i) ^ Z„(<) we get the action m.<p = m G Z„(<|). 

It becomes clear that orbits are exactly sets of generators of cyclic 
subgroups of Z„(<|), which completes the proof. □ 

6. Appendices 

Appendix 1: Crossed product splitting of abelian extensions 

Proposition 6.1. . Let H he an extension ofkF by k*^. Then H is a 
crossed product ofkF over k*^. 

Proof: First observe that FT is a Hopf-Galois extension of k*^ by kF 
via Ptt = (id <8) 'Jt)Ah : H ^ H ® kF, see e.g. the proof of [24, 
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3.4.3], hence by [24, 8.1.7] 77 is a strongly F-graded algebra. Setting 
= {h E H\pT,{h) = h ® x} we have H = (BxgfHx with Hi = 
and HxHx-i = k*^ for all x E F. Next for every a E G we construct 
elements u{a) E H^, v{a) E H^-i such that 

u{a)v{a) = Pa, Pau{a) = u{a),v{a)pa = v{a), and 
u{a)v{h) = 0 for alia ^ b. 

Indeed, were all uv,u E Hx,v E lie in span{pf ,|6 7 ^ a}, then so 

would HxHx-i, a contradiction. Therefore for every a E G there are 
u E Hx,v E Hx-i such that uv = '^CbPb,Ca 7 ^ 0. Setting u{a) = 

— PaU,v{a) = vpa we get elements satisfying the first three proper- 

ties stated above. Furthermore, the last property also holds because 
u{a)v{h) = pau{a)v{h)pb = PaPbu{a)v{b) = 0. It follows that the ele¬ 
ments Ux = XlaeG"^ 2 ; = X^aeG'^(®) satisfy UxVx = 1 hence, as H 
is hnite-dimensional, VxUx = 1 as well. Thus Ux is a 2-sided unit in Hx- 

Now dehne 7 : kF —)■ 77 by 7 ( 0 ;) = — - — -Ux- One can see imme- 

eH[Ux) 

diately that 7 is a convolution invertible mapping satisfying o 'j = 
7 <8) id, 7 (li?) = 1 and en o 1 = Thus 7 is a section of kF in 77, 
which completes the proof. □ 

Appendix 2: Non-splitting of X(<) as A(<)-niodnle for p = 2 

We take a closer look at the exact sequence G^p/N{G) ^ X(<) -» 
of Lemma 3.16. We know by Theorem 2.5 that for p > 2 
a(X^(<)) = Alt AT (G) and the above sequence splits up, that is X(<) ~ 
G^^ /N{G) X Alt AT (G) as A(<)-modules. We want to show that this is 
not the case for p = 2. 

Let G be an elementary 2-group of rank n and < be the trivial action. 
By the argument of part (2) of Proposition 2.5 our assumptions imply 
G^p/N{G) = G and a(X^(<)) = Alt(G). The main result of this 
Appendix is 

Theorem 6.2. Let G be a 2-elementary group of rank n > 2. The 
sequenee of A{triv)-modules 

G -E X{triv) -E Alt(G) 

does not split. 

Proof: Will be given in steps. To simplify notation we write X and A 
for X(triv) and A(triv). 

(1) Let S' be a copy of Alt(G) in Z^{G, k*) constructed in Proposition 
2.5(2). Clearly S C X^(triv) and complements F^(triv). Passing on 
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to X the image of S, denoted by S, forms a complement to G. Fix a 
basis {xi\l < i < n} oi G and let {x*\l < i < n} be its dual in G. 
Observe that <F : -B^(triv) —)■ G acts in the present case by $(5/) = P- 
Let : G X G —)■ k* be the bimultiplicative map dehned by 

hi{xi,Xi) = -l,hi{xk,xi) = 1 for {k,l) 7 ^ 

Lemma 6.3. (1) <F(6i) = x* for all i; 

(2) Alt(G) C ker$. 


Proof: (1) Recall B ‘^{ G , k*) is the subgroup of all symmetric functions 
of X^(G,k*), hence bi G -B^(G, k*) and therefore bi = 5fi for some 
fi-.G ^ k*. Then 

bi{xj,Xj) = 6fi{xj,Xj) = fi{xj)fi{xj)fi{x‘^j)-^ = fi{xj). 

We note that as bj = e, bi lies in i?^(G, k*), hence ff G G and as 
fiPj) = (-1)'^'^ fi = X*. This proves (1). 

(2) Elements of Alt(G) are symmetric functions, hence 
Alt(G) C -B^(G,k*). By part (1) for every a = <5/ G Alt(G) $( 0 ;) = 
P = e as a{x, x) = 1 . □ 

(2) Let G A G be the exterior square of G. There is a well-known 
identihcation Alt(G) = G A G. In the additive notation GAG has a 
standard basis x* A x* where x* A x*{xk,xi) = SikSji. Passing on to S 
we write Sx*ax* as which by the dehnition of Sa is given by 




1, if {/c,/} = {b j} and/c < / 
0, else. 


We note the equality = S(j^i). Pick 0 G A and let 0* : G —)■ G 

be the transpose of 0, i.e. {xP*){9) = xid-PiX ^ G,g E G. If 
M{(j)) is the matrix of 0 in the basis {xp then M{(j)*) = M{(l)p is the 
matrix of 0* in the dual basis. Therefore the matrix of the mapping 0, 
(x-0)(5') = induced by 0 in G is M(0“^)*L Next we describe 

action of A in X 


Lemma 6.4. Suppose 0 G A and M{(f) = pki). 0 acts in X as 

follows 

n 

(6.1) X*/\x*^ .(j> T ^ ^ ^ki^kj^k' 

k=l 


Proof: One can see easily that the mapping a is A-linear therefore 
a{s(^ijy(l)) = X* A x*.<p. We also know a{sa) = a for every a G Alt(G) 
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which gives 

( 6 . 2 ) S(j_jy(j) Sx*Axy<j) “ 1 “ b,. 

where b := 6 ker$ G i?^(triv)/ker$. By Lemma 6.3 the set {bk} 

_ _ 

forms a basis for i?^(triv)/ker <h, hence b = Ckbk, Ck G Z 2 . Since 

k=l 

Sa{xk,Xk) = 0 for every a and k, evaluating ( 6 . 2 ) at {xk,Xk) yields 
Ck ^(i,j) ■(j^i^Xki Xk') ) 

'^(ti)( ^ 'y CjkiXij ^ ^ ClkjXj^ CbkiCbkj 

i j 

A reference to Lemma 6.3(1) completes the proof. □ 

It is well known that A is generated by transvections, linear mappings 
tpq : Xp ^ Xp + Xq,Xr —)■ T 7 ^ p. Siuce tpq = tpq and the matrix of 

tpq is MitpqY'^ we have readily 

^k'^pq ~ ^ki k ^ Q, 

X*.tpq = Xg+X*p. 

We see that tpq induces the transvection tqp in G. In consequence we 
have 

Lemma 6.5. Action of transvections on the standard basis of Alt{G) 
is given by 

X* A x*.tpq = X* A X* ifq ^ i, j or (p, q) = (i, j), (j, i) 

X* A x*.tpi = x* A x* + x* A x*, p 7^ j 
X* A x*.tpj = X* /\x* + X* AXp, i. □ 

With the help of Lemma 6.4 we deduce 
Lemma 6.6. Action of transvections on generators of S is given by 

S{i,j)-tpq = S{ij), if q i,j 

~ A X^ 

S{i,j)dpi = 

^(id)-^Pj ~ ^{iJ) + 

Proof: In view of Lemmas 6.4 and 6.5 we need only to calculate the 
G- components. If (p, (?) 7 ^ (bj), (ja); then for the entries of Mifpq) 
there holds Oki = 0 or Okj = 0 for every k. In M(tij), M(tji) we have 
(^ki^kj = 1 only for k = i, j, respectively. □ 
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(3) End of the Proof. Suppose there is an A-linear section ( : 
Alt(G) —)■ X splitting a. Say 

(6.3) C{x* Ax*) = Xij + Xij e G. 

Then there holds 

(6.4) C(a^I A x*.tpq) = [xij + S{ij)).tpq for all p, q. 

Let us expand Xij fhe basis 


Xij = Y. 

k 


Cj^X 


* 

k- 


Observe the equality Xij-tpq = Xij + Next specialize (6.4) to 

p = i,q = j or p = j,q = i. Then Lemmas 6.5 and 6.6 give CjX*+x* = 0 

and c^x* + = 0, respectively. We see that cf = cj = 1, that is 

Xij = X* + X* + ^k^k- Note that if n = 2 we have shown that 

k¥^i,j 

^ 2(^1 + X 2 + -5(1,2)) is an A-complement to G. Suppose n > 2. For 
every q ^ i,j we have by (6.4) and Lemmas 6.5 and 6.6 the equality 


Xij T - 5 ( 1 ,j) Xij-^iq T ^{i,j)'^iq 

Using Xij-tiq = Xij + and sqj).tig = sqj) we conclude = 0. 
Thus Xij = X* + X* for all i, j. 

Next pick p 7 ^ i, j, and apply (6.4). We have 

C{x* A X* + x*pAx*) = {x* + X* + S{ij)).tpi 
which in turn gives the equality 

X* + X* sqj) + X* -\- X* -\- S(^pj) = X* + Xp + x* + + -S{p,j}, 

hence = 0 , a contradiction. 

On the evidence we have so far we propose 

m 

Conjecture. Suppose G = ei < ■■■era- Let N{G,p) be 

i=l 

the number of almost abelian Hopf algebras of dimension |G|p. The 
function N{G,p) is a polynomial over Z of degree < for all p > 

Cl + • • • + Cm- 


References 

[ 1 ] N. Andruskiewitsch, Notes on extensions of Hopf algebras, Can. J. Math. 
48(1)(1996), 3-42. 

[2] F. R. Beyl and J. Tappe, Group Extensions, Representations, and the Schur 
Multiplicator, Lecture Notes in Mathematics 958, Springer-Verlag, 1982. 

[3] R.J. Blatttner, M. Cohen and S. Montgomery, Crossed Product and Inner 
Actions of Hopf Algebras, Trans. Amer. Math, ^oc 298(2)(1986),671-711. 



48 


LEONID KROP 


[4] N. Bourbaki, Elements of Mathematics, Algebra I, Springer-Verlag, 1989. 

[5] N.P. Byott, Cleft extensions of Hopf algebras, J. Algebra 157(1993),405-429. 

[6] M. Hall, Jr., “The Theory of Groups”, The Macmillan Company, New York, 
1959. 

[7] I. Hofstetter, Extensions of Hopf algebras and their cohomological description, 
J. Algebra 164(1994), 264-298. 

[81 G.I. Kac and V.G. Paliutkin, Finite ring groups, Trans. Moscow Math. Soc. 
15(1966), 251-294. 

[9] G.I. Kac, Certain arithmetic properties of ring groups. Functional Anal. Appl. 
6 (1972), 158-160. 

[10] Y. Kashina, Classification of semisimple Hopf algebras of dimension 16, J. 
Algebra 232(2000), 617-663. 

[11] Y. Kashina, On semisimple Hopf Algebras of Dimension 2"*, Algebras and 
Representation Theory 6(2003), 393-425. 

[12] Y. Kashina, G. Mason and S. Montgomery, Computing the Frobenius-Schur 
indicator for abelian extensions of Hopf algebras, J. Algebra 251(2002), 888- 
913. 

[13] T. Kobayashi and A. Masuoka, A result extended from groups to Hopf alge¬ 
bras, Tsukuba J. Math 21 (1997), 55-58. 

[14] R.G. Larson and D.E. Radford, Semisimple cosemisimple Hopf algebras, 
Amer. J. Math. 110(1988), 187-195. 

[15] S. MacLane, “Homology”, Die Grundlehren der Mathematischen Wis- 
senschaften 114, Springer-Verlag, 1963. 

[16] M. Mastnak, Hopf algebra extensions arising from semi-direct products of 
groups, J. Algebra 251(2002), 413-434. 

[17] A. Masuoka and Y. Doi, Generalization of cleft comodule algebras. Comm. 
Algebra 20(1992), 3703-3721. 

[18] A. Masuoka, Self-dual Hopf algebras of dimension p^ obtained by extensions, 
J. Algebra 178(1995), 791-806. 

[19] A. Masuoka, Semisimple Hopf algebras of dimension 6,8, Israel J. Math.,92 
(1995), 361-373. 

[20] A.Masuoka, The p" theorem for semisimple Hopf algebras, Proc. Amer. Math. 
^oc.,124(3X1996), 735-737. 

[21] A. Masuoka, Some further classification results on semisimple Hopf algebras. 
Comm. Algebra 24(1)(1996), 307-329. 

[22] A. Masuoka, Calculations of some groups of Hopf algebra extensions, J. Al¬ 
gebra 178(1997), 568-588. 

[23] A. Masuoka, Extensions of Hopf algebras (Lecture Notes, University of Cor¬ 
doba, 1997) Notas Mat.No. 41/99, FaMAF Uni. Nacional de Cordoba, 1999. 

[24] S. Montgomery, Hopf Algebras and their Actions on Rings, in: CMBS Reg. 
Conf. Ser.Math. 82, AMS, 1993. 

[25] C. Nastasescu and F. Van Oystaeyen, On strongly graded rings and crossed 
products, Comm. Algebra 10 (1982), 2085-2106. 

[26] W.D. Nichols and M.B. Zoeller, A Hopf algebra freeness theorem,Amer. J. 
Math 111(1989), 381-385. 

[27] H.-J. Schneider, Some remarks on exact sequences of quantum groups, Comm. 
Algebra (9)21(1993), 3337-3358. 



CLASSIFICATION OF HOPF ALGEBRAS 


49 


[28] H.-J. Schneider, A normal basis and transitivity of crossed products for Hopf 
algebras, J. Algebra 152(1992), 289-312. 

[29] D. Stefan, The set of Types of n-dimensional semisimple and cosemisimple 
Hopf algebras is finite, J. Algebra 193(1997), 571-580. 

[30] K. Yamazaki, On projective representations and ring extensions of finite 
groups, J. Fae. Seienee Univ. Tokyo, Sect. 1 10(1964), 147-195. 

[31] Y. Zhu, Hopf algebras of prime dimension, Intenat. Math. Res. Notices 
1(1994), 53-59. 

DePaul University, Chicago, IL 60614 
E-mail address: lkrop@depaul.edu 



